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Abstract

Supervised learning datasets may contain multiple cues that explain the training
set equally well, i.e., learning any of them would lead to the correct predictions on
the training data. However, many of them can be spurious, i.e., lose their predictive
power under a distribution shift and consequently fail to generalize to out-of-
distribution (OOD) data. Recently developed "diversification" methods (Lee et al.|
2023}; |Pagliardini et al.,|2023)) approach this problem by finding multiple diverse
hypotheses that rely on different features. This paper aims to study this class of
methods and identify the key components contributing to their OOD generalization
abilities. We show that (1) diversification methods are highly sensitive to the
distribution of the unlabeled data used for diversification and can underperform
significantly when away from a method-specific sweet spot. (2) Diversification
alone is insufficient for OOD generalization. The choice of the used learning
algorithm, e.g., the model’s architecture and pretraining, is crucial. In standard
experiments (classification on Waterbirds and Office-Home datasets), using the
second-best choice leads to an up to 20% absolute drop in accuracy. (3) The optimal
choice of learning algorithm depends on the unlabeled data and vice versa i.e. they
are co-dependent. (4) Finally, we show that, in practice, the above pitfalls cannot
be alleviated by increasing the number of diverse hypotheses, the major feature
of diversification methods. These findings provide a clearer understanding of the
critical design factors influencing the OOD generalization abilities of diversification
methods. They can guide practitioners in how to use the existing methods best and
guide researchers in developing new, better ones.

1 Introduction

Achieving out-of-distribution (OOD) generalization is a crucial milestone for the real-world de-
ployment of machine learning models. A core obstacle in this direction is the presence of spurious
features, i.e., features that are predictive of the true label on the training data distribution but fail
under a distribution shift. They may appear due to, for example, a bias in the data acquisition
process (Oakden-Rayner et al.,2020)) or an environmental cue closely related to the true predictive
feature (Beery et al.| 2018)).

The presence of a spurious correlation between spurious features and true underlying labels implies
that there are multiple hypotheses (i.e., labeling functions) that all describe training data equally well,
i.e., have a low training error, but only some generalize to the OOD test data. Previous works (Atanov
et al., 2022; Battaglia et al., 2018}; |Shah et al., 2020) have shown that in the presence of multiple
predictive features, standard empirical risk minimization (Vapnik}|1991) (ERM) using neural networks
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Figure 1: Diversification is a two-legged problem where unlabeled data and learning algorithm
both matter and are co-dependent. A and @ represent the training data points and their labels.

represents unlabeled data. hgry represents the hypothesis found by empirical risk minimization
(ERM), thus, reflecting the inductive bias of the learning algoritm. hs represents a second diverse
hypothesis found by a diversification method; it has low error training data as hggy does, but
disagrees with it on the unlabeled data. Compared to the original setting in (a), in this work, we
study how changing (b) unlabeled data, and (c) the learning algorithm lead to different solutions and,
therefore, performance.

trained with stochastic gradient descent (SGD) converges to a hypothesis that is most aligned with
the learning algorithm’s inductive biases. When these inductive biases are not aligned well with
the true underlying predictive feature, it can cause ERM to choose a wrong (spurious) feature and,
consequently, fail under a distribution shift.

Recently, diversification methods (Lee et al.,|2023}; |Pagliardini et al.,|2023)) have achieved state-of-the-
art results in classification settings in the presence of spurious correlations. Instead of training a single
model, these methods aim to find multiple plausible and diverse hypotheses that all describe the
training data well, while relying on different predictive features, which is usually done by promoting
different predictions on additional unlabeled data. The motivation is that among all the found features,
there will be the true predictive one that is causally linked to the label and, therefore, remains
predictive under a distribution shift.

In this work, we identify and study the key factors that contribute to the success of these diversification
methods, adopting (Lee et al.,[2023}; |Pagliardini et al., 2023)) as two recently proposed best-performing
representative methods. Our contributions are as follows.

* First, through theoretical and empirical analyses, we show that diversification methods are sensi-
tive to the distribution of the unlabeled data (Fig.[I(a)] vs. [I(b)). Specifically, each diversification
method works best for different distributions of unlabeled data, and the performance drops
significantly (up to 30% absolute accuracy) when diverging from the optimal distribution.

* Second, we demonstrate that diversification alone cannot lead to OOD generalization efficiently
without additional biases. This is similar to the in-distribution generalization with ERM, where
“good” learning algorithm’s inductive biases are necessary for generalization (Vapnik & Cher
vonenkis, 2015). In particular, we show that these methods are sensitive to the choice of the
architecture and pretraining method (Fig.[I1(a)] vs. [I(c)), and the deviation from best to second
best model choice results in a significant (up to 20% absolute) accuracy drop (see Fig. [3).

¢ Further, we show that a co-dependence exists between unlabeled data and the learning algorithm,
i.e., the optimal choice for one depends on the other. Specifically, for fixed training data, we can
change unlabeled data in a targeted way to make one architecture (e.g., MLP) generalize and the
other (e.g., ResNet18) to have random guess test accuracy and vice versa.

* Finally, we show that one of the expected advantages of diversification methods — increasing the
number of diverse hypotheses to improve OOD generalization — does not hold up in practice
and does not help to alleviate the aforementioned pitfalls. Specifically, we do not observe any
meaningful improvements using more than two hypotheses.

These findings provide a clearer understanding of the relevant design factors influencing the OOD
generalization of diversification methods. They can guide practitioners in how to best use the existing
methods and guide researchers in developing new, better ones. We provide guiding principles distilled
from our study in each section and Sec. [6]



2 Related Work

Spurious correlation and underspecification. As a special case of OOD generalization problem,
spurious correlations can arise from the underspecified nature of the training data (D’ Amour et al.}
2020; [Koh et al.| 2021} |Liang & Zou, 2022)). In this setting, neural networks tend to learn simple
(spurious) concepts rather than the true causal concepts, a phenomenon known as simplicity bias
(Shah et al., [2020; [Huh et al.,2023) or shortcut learning (Geirhos et al.,|[2020; |Scimeca et al.| 2022).
Some works combat spurious correlation by improving worst-group performance (Sagawa et al.}
2020; |Hu et al.| 2018} Zhang et al.||2021)), some require group annotation (Sagawa et al.,|2020;|Zhang
et al.| [2022; (Creager et al., 2021)) and others (Liu et al.| 2021} LaBonte et al., 2022} |Sohoni et al.,
2020) aim at the no group information scenario. Diversification methods fit into the latter, as they
only rely on additional unlabeled data to promote diversity between multiple hypotheses.

Diversification methods. Recently proposed diversification methods (Lee et al., 2023} [Pagliardini
et al., 2023} Teney et al.| [2022alb) find multiple diverse hypotheses during training to handle spurious
correlations. They introduce an additional diversification loss over multiple trained hypotheses,
forcing them to rely on different features while still fitting training data well. (Teney et al., 2022alb)
use input-space diversification that minimizes the alignment of input gradients over pairs of models
at all training data points. DivDis (Lee et al., |2023) and D-BAT (Pagliardini et al., [2023) use
output-space diversification, minimizing the agreement between models’ predictions on additional
unlabeled data. We focus on studying the latter, as these methods outperform the input-space ones by
a large margin, achieving state-of-the-art performance in the setting where true labels are close to or
completely correlated with spurious attributes.

Inductive biases in learning algorithms. In this work, we study the influence of the choice of
the learning algorithm and, hence, its inductive bias on the performance of diversification methods.
Different learning algorithms have different inductive biases (Shalev-Shwartz & Ben-David, [2014;
Hiillermeier et al.,|2013)), which makes a given algorithm to prioritize a specific solutions (Gunasekar
et al.l 2018 |J1 & Telgarsky, [2020). While being highly overparameterized (Allen-Zhu et al., 2019)
and able to fit even random labels (Zhang et al., 2017), deep learning models were shown to benefit
from architectural (Xu et al.,|2021; Naseer et al.,|2021) , optimization (Kalimeris et al., 2019} |[Liu
et al., 2020) and pre-training (Immer et al., [2022; [Lovering et al.l [2021) inductive biases. In our
study we show that diversification methods are sensitive to the choice of architecture and pretraining
method.

3 Learning via Diversification

First, we formalize the problem of generalization under spurious correlation. Then, we present a
diversification framework along with the recent representative methods, DivDis (Lee et al., [2023)
and D-BAT (Pagliardini et al., 2023ﬂ describing key differences between them: training strategies
(sequential vs. simultaneous) and diversification losses (mutual information vs. agreement).

3.1 Problem Formulation

For consistency, we follow a notation similar to that of D-BAT (Pagliardini et al.,[2023). Let X be
the input space, ) the output space. Both methods focus on classification, i.e. Y = {0,...,q — 1},
where ¢ is the number of classes. We define a domain (D, h) as a distribution D over X and a
hypothesis (labeling function) i : X — ). The training data is drawn from the domain (D;, h*), and
test data from a different domain (D04, h*). Given any domain (D, k'), a hypothesis h, and a loss
function (e.g. cross-entropy loss) £ : Y x Y — R, the expected loss is defined as: Lp(h,h') =
E.~p[L(h(z),h (x))]. Let H be the set of hypotheses expressed by a given learning algorithm. We
define H; and H?_, to be the optimal hypotheses set on the train and the OOD domains:

H; :=argmin Lp, (h,h*), H} q:=argminLp_, (h,h"). (1)
heH heH

Definition 1. (Spurious Ratio) Given a spurious hypothesis h, the spurious ratio ', with respect to
a distribution D and its labeling function h* is defined as the proportion of data points where h* and
h agree, i.e., have the same prediction: v = E,.p[h*(x) = h(x)].

' At the time of writing, these are the best-performing diversification methods and the only existing output-
space ones.



The spurious ratio describes how the spurious hypothesis & correlates with the true A* on data D. A
spurious ratio of 1 indicates that a given data distribution has a complete spurious correlation. On the
contrary, a spurious ratio of 0 indicates that the spurious hypothesis is always in opposition to the
true labeling, namely inversely correlated. Finally, a spurious ratio of 0.5 means that the spurious
hypothesis is not predictive of h*, as there is no correlation between them. We will also refer to this
setting as a “balanced” data distribution. We omit 2* (and sometimes h) in the notation to keep it
less cluttered, as they can be inferred from the context of a specific setting.

Spurious correlation setting. In this setting, we assume that there exist one or more spurious
hypotheses h € Hg, C Hj \ HL 4. which generalize on D, but not on D,oq. Thus, the spurious ratio
on training data is close to one: r% ~ 1. If there is a misalignment between the inductive bias of
the learning algorlthm and H? 4, the ERM hypothesis hgrn may be closer to hypotheses from Hp,
than Hy N H; 4. i.e., have poor OOD generalization. The idea of diversification methods is to find
multiple hypotheses from H; with the aim to have one with good OOD generalization (see Sec. [3.2).

3.2 Diversification for OOD Generalization

DivDis (Lee et al., 2023) and D-BAT (Pagliardini et al.| [2023)) focus on the spurious correlation
setting. They assume access to additional unlabeled data D,, to find multiple diverse hypotheses that
all fit the training data (D;, h*) but disagree, i.e., make diverse predictions, on D,,. The motivation
is to better cover the space H; and, consequently, find a hypothesis from H; N H}_, that also
generalizes to OOD data.

Optimization objective. Following Lee et al.| (2023); [Pagliardini et al.|(2023), we define a diversifi-
cation loss Ap,, (h1, ho) that quantifies the agreement between two hypotheses on D,,. Then, in the
case of finding K hypotheses, the training objective of a diversification method is the sum of ERM
loss and the diversification loss averaged over all pairs of hypotheses:

hi,...,hx = argmin ZLDt hi, h*) + Z Z Ap, (hi, hyj) )

hi,...hxk€H ;2 i=1 j=1, i#j

Diversification loss. Let P, be the predictive distribution of a hypothesis h; on given data D. We
consider the following two diversification losses:

* DivDis (LCC et al., 2023)2 AD(hl, h2) = DKL(P(h17h2) | |Ph1 ®Ph2)+>\ Zie{l,Q} DKL( z ),
where the first term is the mutual information, which is equal to 0 iff P, and P, are independent.
The second term is the KL-divergence between the predictive distribution of h; and a prior

distribution P, which is usually set to the distribution of labels in D;. It prevents hypotheses from
collapsing to degenerate solutions, such as predicting the same label for all samples.

* D-BAT (Pagliardini et al., 2023): Ap(h1, he) = Ezp[—log(Pr, (2;0) - Py, (x;1) + Py, (z;1) -
Py, (x;0))], where Py, (x;y) is the probability of class y predicted by h;.

In practice, they are computed and optimized on additional unlabeled data D,,. Note that it is usually
favorable to have the distribution of D,, different from that of Dy, i.e., r’Z‘ju < r%t ~ 1, as this
enables the diversification process to distinguish between spurious and semantic hypotheses (This is
also confirmed by empirical results in Fig2}Right). In Sec.[d] we will show that both losses have
their strengths, and the optimal choice depends on the spurious ratio of D,,.

Sequential vs. simultaneous optimization. In practice, when minimizing the diversification
objective in Eq.[2] there are two choices: (i) optimize over all hypotheses simultaneously or (ii) find
hypotheses one by one. DivDis trains simultaneously and defines hypotheses as linear classifiers
that share the same feature extractor. D-BAT, on the contrary, starts with A £ hgrw and finds new
hypotheses, defined as separate models sequentially. For consistency and comparability with D-BAT
in Sec. {] analysis, we also introduce DivDis-Seq, a version of DivDis using sequential optimization,
allowing us to concentrate only on the difference in diversification loss design.

The two-stage framework. After finding K hypotheses, one needs to be chosen to make the final
prediction, leading to a two-stage approach (Lee et al.,[2023)), summarised as follows:
1. Diversification: find K diverse hypotheses Hj, C H;.

2. Disambiguation: select one hypothesis he ‘H7}, given additional information (e.g., a few test
labeled examples or human supervision).
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Figure 2: Performance of diversification is highly dependent on unlabeled OOD data. Left:
Top-left quadrant: The 2D binary classification task. Other quadrants: Show the second hypotheses
(arrows are normal vectors) found by D-BAT (h5®) and DivDis-Seq (h5P) with varied spurious
ratios of unlabeled OOD data rp, = {0,0.25,0.5} (from inversely correlated to balanced). Right:
Best hypothesis test accuracy of D-BAT & DivDis(-Seq) on MNIST-CIFAR (M/C) for varied spurious
ratios rp, and number of hypotheses K. The test accuracy is measured on hold-out balanced data
Dyoa (ie. rp,,, = 0.5, no spurious correlation).

We identify the first diversification stage as the most critical one. Indeed, if the desired hypothesis h*
is not chosen (h* ¢ H7,), the second stage cannot make up for it as it is limited to only hypotheses
from Hj.. We, therefore, focus on studying the first stage and assume access to the oracle that
chooses the best available hypothesis in the second stage.

4 The Relationship Between Unlabeled Data and OOD Generalization via
Diversification

In this section, we study how the different diversification losses of DivDis and D-BAT interact with
the choice of unlabeled data. In an illustrative example and real-world datasets, we identify that
neither of the diversification losses is optimal in all scenarios and that their behavior and performance
are highly dependent on the spurious ratio of the unlabeled OOD data D,,.

4.1 Theoretical and Empirical Study of a Synthetic Example

Synthetic 2D binary classification task. In Fig. P}Left, we show a 2D task with distribution
Doyoa spanning a 2D square, i.e., {x = (z1,22) € [—1,1]?}. We define our hypothesis space H
to be all possible linear classifiers h(x; 3) where §3 is the radian of the classification plane w.r.t
horizontal axis 2. The ground truth labeling function is defined as h*(z) = h(x; §) = Z{z1 > 0}
where Z is the indicator function, and the training distribution is defined as D, = {z = (21, 22) €
{[-1,0] x [0,1]} U {[0,1] x [-1,0]}}. We then define a spurious feature function as hgp(z) =
h(z;0) = Z{z2 < 0} and assume that ERM converges to hs,. This means that the first hypothesis
hPB (D-BAT) and hPP (DivDis-Seq) of both methods converge to hgp,.

Finally, we define different distributions of unlabeled data D,, to have different spurious ratios rp,
from 0 to 0.5 (the construction is described in Appendix [A).

Proposition 1. (On Optimal Diversification Loss) In the synthetic 2D binary task, let 25 and
hPP be the second hypotheses of D-BAT and DivDis-Seq, respectively. If rp, = 0, then hPB = h*

and hYP = h(z;%). Otherwise, if rp, = 0.5, then hP = h(x;m) = 1 — hg, and hYP = h*.
Increasing the spurious ratio rp,, from 0 to 0.5 will lead to hPB and hPP rotating counterclockwise.

See Appendix [A] for the full proof and Fig. [2}Left for the visual demonstration. This proposition
implies that D-BAT recovers h* when rp, = 0 (i.e., inversely correlated) and DivDis-Seq recovers
h* when rp, = 0.5 (i.e., balanced). For D-BAT, this happens because the optimal second hypothesis
hPPB is the hypothesis that disagrees with A" on all unlabeled data points i.e. h25 € {h €
H; . h(z) # hPB(x) Vz € D,}. On the contrary, the optimal second hypothesis for DivDis-
Seq is independent of the first one, i.e., disagreeing on half of the data points h?’P € {h € Hj :
P,p, [h(z) = hPP(2)] = 1},



In Fig. Left, we empirically demonstrate this behavior by training linear classiﬁersE] with D-BAT
and DiVDis-SecE] on such synthetic data, with 0.5k training / 5k unlabeled OOD data points (following
(Lee et al.l 2023))). We observe that the behavior suggested in Propositionﬂ]is consistent with our
experiments. This highlights that different diversification losses only recover the ground truth function
in different specific spurious ratios.

4.2 Verification on Real-World Image Data

We further evaluate whether the suggested behavior holds with more complex classifiers and more
complex datasets. Specifically, we use M/C (Shah et al., 2020) and M/F (Pagliardini et al., [2023)),
which are datasets that concatenate one image from MNIST with one image from either CIFAR-10
(Krizhevsky & Hinton, [2009) or Fashion-MNIST (Xiao et al.,2017). We follow the setup of |Lee et al.
(2023)); |Pagliardini et al.| (2023)): we use Os and 1s from MNIST and two classes from Fashion-MNIST
(coats & dresses) and CIFAR-10 (cars & trucks). The training data is designed to be completely
spuriously correlated (e.g., Os always occur with cars and 1s with trucks in M/C). We vary the spurious
ratio 7 p,, of the unlabeled data by changing the probability of Os occurring with cars/dresses. We use
LeNet (Lecun et al.l [1998) architecture for both D-BAT and DivDis(-Seq) methods.

Fig.2}Right shows that similar to Proposition [T} D-BAT is optimal when rp, = 0 whereas DivDis(-
Seq) optimal setting is rp, = 0.5. Both methods observe a drastic decrease in performance away
from their “sweet spot” (with up to 30% absolute accuracy drop). Note that it is expected that
both methods reach chance-level accuracy when rp, — 1, as it means that the spurious hypothesis
becomes completely correlated to the true hypothesis on D,,, and it is thus impossible to differentiate
them by enforcing diversification on D,,. In Appendix [D] Fig. 9] shows that the same observation
holds for the M/F dataset, and Tab. [d]also shows the results of different spurious ratios on a larger
and more realistic dataset, CelebA-CC (Liu et al., 2015} [Lee et al., 2023)).

Lee et al.[ (2023); |[Pagliardini et al.| (2023) note that both the number of hypotheses K and the
diversification coefficient o (Eq. [2) are critical hyper-parameters, that may greatly influence the
performance. However, controlling for these variables, in Fig. 2}Right and Fig. we find that
tuning o and K is not sufficient to compensate the performance loss from the misalignment between
unlabeled OOD data and the diversification loss.

Takeaway. Diversification methods’ performance drops drastically when away from the
spurious ratio (Def.[I) “sweet spot”, and neither diversification loss is optimal in all cases.
Therefore, new methods should be designed to adapt to different unlabeled data distributions.

S The Relationship Between Learning Algorithm and OOD Generalization
via Diversification

In this section, we study another key component of diversification methods — the choice of the learning
algorithm. First, we present a theoretical result showing that diversification alone is insufficient to
achieve OOD generalization and requires additional biases (e.g., the inductive biases of the learning
algorithm). Then, we empirically demonstrate the high sensitivity of these methods to the choice of
the learning algorithm (architecture and pretraining method). Finally, empirically, we show that the
optimal choices of the learning algorithm and unlabeled data are co-dependent.

5.1 Diversification Alone Is Insufficient for OOD Generalization

Diversification methods find hypotheses h;s that all minimize the training loss, i.e., h; € Hj, but
disagree on the unlabeled data D,,. The underlying idea is to cover the space H; evenly and better
approximate a generalizable hypothesis from H; N H}_; (e.g., see Fig. 3 in (Pagliardini et al.,
2023))). However, if the original hypothesis space H is expressive enough to include all possible
labeling functions (e.g., neural networks (Hornik et al.||1989)), then # essentially only constrains
its hypotheses’ labeling on the training data D, while including all possible labelings over D,qq,
which implies ¢!Peodl possible labelings, where ¢ is the number of classes. Therefore, one might

In Appendix we show additional results with more complex classifiers (i.e., MLP).
3For completeness, we also provide results with DivDis, which is deferred to Appendix
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Figure 3: The performance of diversification methods is highly sensitive to the choice of archi-
tecture and pretraining method. Left: DivDis and D-BAT best hypothesis (K = 2) performance
with multiple pretraining strategies and architecture pairs on Waterbirds-CC (Left) and Office-Home
(Right). ResNet50 is used, if not specified. Right: Top-1 accuracy on ImageNet- 1k after fine-tuning.

need to find exponentially many hypotheses before covering this space and approximating the desired
hypothesis h* € H; NH: 4 well enough.

Notably, we prove that having as many diverse hypotheses as the number of data points in D,q is
still insufficient to guarantee better than a random guess accuracy. Indeed, there always exists a set of
hypotheses satisfying all the constraints of the diversification objective in Eq. 2] while having random
accuracy w.r.t the true labeling 4* on OOD data. The following Proposition 2| formalizes this intuition
in the binary classification case. Please see its proof and extension to multi-class case in Appendix [E]

Proposition 2. For K = (2|Dyoq| — 1) and h* the OOD labeling function, there exists a set of
diverse K hypotheses h1, ..., hi, i.e., Ap, ,(hi,hj) = [{x € Dooa : hi(z) = hj(x)}|/|Dooal <
0.5 Vi,je{l,..., K}, i+ jandit holds that maxpcp, . .. n, Acc(h*, 1) <0.5.

Since in most cases, [Lee et al.| (2023); |Pagliardini et al.| (2023) find 2 hypotheses to be sufficient to
approximate h* and the size of the used datasets is larger than 2, these hypotheses should not only be
diverse but also biased towards those that generalize under the considered distribution shift.

Takeaway. Diversification alone cannot lead to OOD generalization efficiently and requires
additional biases to be brought by a specific learning algorithm used in practice.

Properties of diverse hypotheses. In Appendix using the agreement score (AS) (Atanov et al.,
2022} Hacohen et al.,2020) as a measure of the alignment of a hypothesis with a learning algorithm’s
inductive biases, we study in what way D-BAT and DivDis diverse hypotheses are biased. We show
that they find hypotheses that are not only diverse but aligned with the inductive bias of the used
learning algorithm. According to the definition of AS, such alignment is expected for a hypothesis
found by empirical risk minimization (ERM). However, it is not generally expected from diverse
hypotheses (as defined in Eq. [2)), given that the additional diversification loss could destroy this
alignment. This analysis sheds light on the process by which diverse hypotheses are found and
emphasizes the choice of a good learning algorithm, which is crucial, as shown in the next section.

5.2 Learning Algorithm Selection: A Key to Effective Diversification

Sec. argues that the right learning algorithm’s inductive biases (i.e., those aligned well with the
true causal hypothesis i*) are required for diversification to enable OOD generalization. In this
section, we examine the “sensitivity” of this requirement by using DivDis and D-BAT with different
choices of pretraining strategies and architectures on several real-world datasets.

Experimental setup. We consider the following datasets. (1) A multi-class classification dataset
Office-Home (Venkateswara et al.,|2017) consists of images of 65 item categories across four domains:
Art, Product, Clipart, and Real-World. Following the experimental setting in [Pagliardini et al.| (2023)),
we use the Product and Clipart domains during training and the Real-World domain as the out-of-
distribution one. (2) A binary classification dataset: Waterbirds-CC |Lee et al.[(2023)); Sagawa et al.
(2020), a modified version of Waterbirds where the background and bird features are completely
spuriously correlated on the training data. We report worst-group accuracy for Waterbirds-CC, i.e.,
the minimum accuracy among the four possible groups. We train both diversification methods using



Dataset Method | K=2 K=3 K=4 K=5

Waterbirds-CC ~ D-BAT (ViT-B/16 IN) | 57.1437 57.1x37 571137 57.1137
DiVDiS (MOCO—VZ) 49.4i10A3 51:7i6A0 49.6i&3 48.4i0(9

Office-Home D-BAT (ViT-MAE) 619407 62.640.1 62.640.1 62.640.1

DivDis (Resnet5S0 IN) | 559406  54.640.1 53.6+04 53.140.2
Table 1: Increasing the number of hypotheses does not bridge the performance gap between
different models. We increase the number of hypotheses found by diversification methods for the
second-best model in Fig. [3and find that it is not enough to bridge the performance gap with the
best-performing model. Best hypothesis accuracy is reported. Results are averaged over 3 seeds.
Standard deviations for Waterbirds-CC are larger due to the usage of the worst-group accuracy metric.

different architectures and pretraining methods, each resulting in a different learning algorithm with
different inductive biases. Please see full experimental details and results in Appendix [G]

Sensitivity to the model choice. Fig.[3|shows that the performance of both diversification methods is
highly sensitive to the choice of the learning algorithm: 1) the gap between the best and second-best
model is significant (10%-20%) 2) there is no single model that performs the best over both datasets,
and 3) there is a 20% standard deviation of the performance over the distribution of models (averaged
over methods and datasets). Furthermore, similar to the findings of[Wenzel et al.| (2022), one cannot
choose a good model reliably based on the ImageNet performance as a proxy. Indeed, the best
model, according to this proxy, ViIT-MAE (He et al., [2021)), underperforms significantly in all cases.
Additionally, ViT-Dino (Caron et al.,|[2021])), the third best on ImageNet, completely fails for DivDis
on both datasets. Overall, these results emphasize the need for a specific architecture and pretraining
tailored for each dataset and method, which may require an expensive search.

Increasing K does not improve performance. Finally, we study whether the performance gap
between the best and second-best models tested in Fig.|3|can be closed by increasing the number of
hypotheses K, as this is allegedly the major feature and motivation of diversification methods. Tab.
shows that, similar to the observation made in Sec. increasing K does not bring any improvements,
suggesting that the choice of the model is more important for enabling OOD generalization. In
Fig. we further show that DivDis does not scale well to larger K (e.g., K = 64) “out-of-the-box”,
and the performance drops as the number of hypotheses increases. Note that testing D-BAT in this
regime would be prohibitively expensive.

Takeaway. Diversification methods are highly sensitive to the choice of the learning algorithm,
e.g., architecture and pretraining method. The “built-in” mechanism of increasing the number
of hypotheses K does not alleviate this issue and fails at improving performance.

5.3 On the Co-Dependence between Learning Algorithm and Unlabeled Data

Sec. ] and Sec. [5.2] show the sensitivity of the diversification methods to the distribution of the
unlabeled data and the choice of a learning algorithm respectively. Here we further demonstrate that
these choices are co-dependent, i.e., the optimal choice for one depends on the other. Specifically, we
show that by only varying the distribution of unlabeled data, the optimal architecture can be changed.

Experimental setup. We consider two learning algorithms (architectures) A € {MLP, ResNet18}
(extension to other architectures is straightforward) and construct examples for D-BAT where one
architecture outperforms the other and vice versa. To do that we build on the idea of adversarial splits
introduced in (Atanov et al.,2022), defined on a CIFAR-10 Krizhevsky & Hinton| (2009)) dataset D.
Below, we briefly describe the construction, and refer the reader to Appendix [H|for more details.

We start by considering two hypotheses with high agreement scores (Baek et al.| [2022) found by
Atanov et al.| (2022) for each architecture, such that the following holds:

ASypp(hmrp) > ASvrp(hry), ASen(hryn) > ASen(AMmLP), 3)

where AS 4 stands for the agreement score measured with algorithm A. As shown in|Atanov et al.
(2022), the above inequalities suggest that each hypothesis h 4 is more aligned with its corresponding
learning algorithm A, i.e., ERM trained with MLP architecture will preferentially converge to hnrp



== Training set (D) == Unlabeled data (D,,)

D, A Test Acc.(%) Class 1 h* Class 1 h*

e ®  MLP 89210
MLP @ ResNetl8 56.740.8

K ®  MLP 554105

h* LheN @ ResNetl8 77040 . o

Table 2: The optimal choices of the (learning algorithmguahréhitecturljé‘:gﬁd unlabeled data are
co-dependent. Left: Performance of the D-BAT method using two architectures and two created
unlabeled data distributions. Test accuracy is on hold-out data D,,q ~ D,,. Right: Illustration of the
two unlabeled data distributions used in the experiment. We keep the training data fixed and change
D, s.t. h* is inversely correlated (denoted by ‘_L’) to one of the “spurious” hypotheses hyrp, hrN-
We show that the optimal choice of the architecture (A) depends on the unlabeled data distribution,
and the best A is the one for which h* 1 h 4 on D,,.

over hrn and vice-versa when training with Resnet18. Akin to adversarial splits (Atanov et al.,
2022), we then use these two high-AS hypotheses to construct a dataset to change, in a targeted
way, what the first hypothesis of D-BAT h; 2 herM converges to, depending on the used learning
algorithm. Different h;s, in turn, lead to different hys and, hence, different test performance.

As the true labeling h*, we use a binary classification task constructed by splitting the original 10
classes into two sets of five. Then, as Tab. @]-Right illustrates, we construct training data D; to contain
samples where all h*, hypp, and hry agree, i.e., Dy = {x € D : h*(x) = hmrp(z) = hrn(2)}-
Thus, by design, both hyp and hgn are completely spuriously correlated with h*. Then, we
define unlabeled OOD data D,, s.t. either (r%ﬁ“ =0, rjhjiN = %) (denoted as h* 1 hgry), or

(r%“fLP = %, r%‘i’N = 0) (denoted as h* L hyrp).

This means that h* is inversely correlated with only one of hyirp or Ary, While not correlated to the
other hypothesis.

Results. Keeping the training data fixed, we train D-BAT (KX = 2) using different architecture and
constructed unlabeled data pairs (A, D,,). Tab. Left shows that the performance of .4 drops to
almost random chance when h 4 does not inversely correlate with 2* on the unlabelled data (@ and
®). This is consistent with Sec. , where we show that the setting with r%lu = % is disadvantageous
for D-BAT. In Appendix [H] Tab.[TT]further shows similar observation for a different architecture
pair (ViT & ResNet18), and Fig.|I5|extends the experiment with a smooth interpolation from one
unlabeled dataset setting to the other, showing a linear transition where one architecture goes from
optimal performance to random-chance accuracy, and vice-versa.

Takeaway. The optimal choices of the architecture and unlabeled data are co-dependent.

6 Conclusion and Limitations

This paper aims to study diversification methods and identify key components enabling their OOD
generalization: the diversification loss used, the distribution of the unlabeled data, and the choice of a
learning algorithm. Below, we distill some practical recommendations that follow from our analysis.

Unlabeled data and diversification loss. Sec. 4| shows that a sub-optimal spurious ratio w.r.t to the
chosen diversification loss may lead to significant performance drops. One possibility to overcome
this problem is to use a mixture of diversification losses, determined by an estimate of the spurious
ratio of unlabeled data. Another is to try to collect unlabeled data with a specific spurious ratio.

Choice of the learning algorithm. Sec.[5.2]demonstrates that the methods are highly sensitive to the
choice of the learning algorithm inductive bias. Future methods should be made more resilient to this
choice, e.g., by modeling each hypothesis with different architectures and pretraining methods or by
implementing a mechanism to choose a “good” model automatically.



Co-dependence. Sec. suggests that a practitioner should not expect the best learning algorithm
(e.g., architecture or pretraining choice) found on one dataset to perform well on another one (as
observed in Sec.[5.2), and an additional search might be needed to achieve good performance.

Then we discuss the limitations of our study:

Data characteristics. We characterize the influence of the OOD data distribution through its spurious
ratio. The influence of other important properties of the OOD data may need to be studied in future
work. Furthermore, we mainly focused on image data to aid the comparison with |Lee et al.| (2023));
Pagliardini et al.| (2023)), but we expect our conclusions to be mainly data-agnostic.

Co-dependence experiment only with D-BAT In Sec. the experiment is only performed with
D-BAT. We expect DivDis to have a similar co-dependence. However, its diversification loss (mutual
information) and optimization strategy (simultaneous) make such a targeted experiment challenging
to design. We leave an explicit demonstration for future work.

10



References

Zeyuan Allen-Zhu, Yuanzhi Li, and Yingyu Liang. Learning and Generalization in
Overparameterized Neural Networks, Going Beyond Two Layers. In H. Wallach,
H. Larochelle, A. Beygelzimer, F. d° Alché-Buc, E. Fox, and R. Garnett (eds.), Ad-
vances in Neural Information Processing Systems, volume 32. Curran Associates, Inc.,
2019. URL https://proceedings.neurips.cc/paper_files/paper/2019/
file/62dad6e273d32235ae02b7d321578ee8—-Paper.pdfl

Andrei Atanov, Andrei Filatov, Teresa Yeo, Ajay Sohmshetty, and Amir Zamir. Task Dis-
covery: Finding the Tasks that Neural Networks Generalize on. In S. Koyejo, S. Mo-
hamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh (eds.), Advances in Neural In-
formation Processing Systems, volume 35, pp. 15702-15717. Curran Associates, Inc.,
2022. URL https://proceedings.neurips.cc/paper_files/paper/2022/
file/64ad7b36b497£375ded2e6f15713ed4c-Paper-Conference.pdf.

Christina Baek, Yiding Jiang, Aditi Raghunathan, and J. Zico Kolter. Agreement-on-the-line:
Predicting the Performance of Neural Networks under Distribution Shift. October 2022. URL
https://openreview.net/forum?id=EZZsnkelkt.

Peter W. Battaglia, Jessica B. Hamrick, Victor Bapst, Alvaro Sanchez-Gonzalez, Vinicius Zambaldi,
Mateusz Malinowski, Andrea Tacchetti, David Raposo, Adam Santoro, Ryan Faulkner, Caglar
Gulcehre, Francis Song, Andrew Ballard, Justin Gilmer, George Dahl, Ashish Vaswani, Kelsey
Allen, Charles Nash, Victoria Langston, Chris Dyer, Nicolas Heess, Daan Wierstra, Pushmeet Kohli,
Matt Botvinick, Oriol Vinyals, Yujia Li, and Razvan Pascanu. Relational inductive biases, deep
learning, and graph networks, October 2018. URL http://arxiv.org/abs/1806.01261!
arXiv:1806.01261 [cs, stat].

Sara Beery, Grant van Horn, and Pietro Perona. Recognition in Terra Incognita, July 2018. URL
http://arxiv.org/abs/1807.04975. arXiv:1807.04975 [cs, g-bio].

R. C. Bose and S. S. Shrikhande. A note on a result in the theory of code construc-
tion. Information and Control, 2(2):183-194, June 1959. ISSN 0019-9958. doi: 10.
1016/S0019-9958(59)90376-6. URL https://www.sciencedirect.com/science/
article/pii/S0019995859903766.

Mathilde Caron, Ishan Misra, Julien Mairal, Priya Goyal, Piotr Bojanowski, and Armand
Joulin. Unsupervised Learning of Visual Features by Contrasting Cluster Assignments. In
H. Larochelle, M. Ranzato, R. Hadsell, M. F. Balcan, and H. Lin (eds.), Advances in Neu-
ral Information Processing Systems, volume 33, pp. 9912-9924. Curran Associates, Inc.,
2020. URL https://proceedings.neurips.cc/paper_files/paper/2020/
file/70feb62b69f16e0238f741fab228fec2—Paper.pdfl

Mathilde Caron, Hugo Touvron, Ishan Misra, Hervé Jégou, Julien Mairal, Piotr Bojanowski, and
Armand Joulin. Emerging Properties in Self-Supervised Vision Transformers, May 2021. URL
http://arxiv.org/abs/2104.14294. arXiv:2104.14294 [cs].

Ting Chen, Simon Kornblith, Kevin Swersky, Mohammad Norouzi, and Geoffrey E Hin-
ton. Big Self-Supervised Models are Strong Semi-Supervised Learners. In H. Larochelle,
M. Ranzato, R. Hadsell, M. F. Balcan, and H. Lin (eds.), Advances in Neural In-
formation Processing Systems, volume 33, pp. 22243-22255. Curran Associates, Inc.,
2020a. URL https://proceedings.neurips.cc/paper_files/paper/2020/
file/fcbc95ccdd551dal81207¢c0c1400c655-Paper.pdfl

Xinlei Chen, Haoqi Fan, Ross Girshick, and Kaiming He. Improved Baselines with Momen-
tum Contrastive Learning, March 2020b. URL http://arxiv.org/abs/2003.04297.
arXiv:2003.04297 [cs].

Elliot Creager, Joern-Henrik Jacobsen, and Richard Zemel. Environment Inference for Invari-
ant Learning. In Proceedings of the 38th International Conference on Machine Learning,
pp.- 2189-2200. PMLR, July 2021. URL https://proceedings.mlr.press/v139/
creager2la.html. ISSN: 2640-3498.

11


https://proceedings.neurips.cc/paper_files/paper/2019/file/62dad6e273d32235ae02b7d321578ee8-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2019/file/62dad6e273d32235ae02b7d321578ee8-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/64ad7b36b497f375ded2e6f15713ed4c-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/64ad7b36b497f375ded2e6f15713ed4c-Paper-Conference.pdf
https://openreview.net/forum?id=EZZsnke1kt
http://arxiv.org/abs/1806.01261
http://arxiv.org/abs/1807.04975
https://www.sciencedirect.com/science/article/pii/S0019995859903766
https://www.sciencedirect.com/science/article/pii/S0019995859903766
https://proceedings.neurips.cc/paper_files/paper/2020/file/70feb62b69f16e0238f741fab228fec2-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/70feb62b69f16e0238f741fab228fec2-Paper.pdf
http://arxiv.org/abs/2104.14294
https://proceedings.neurips.cc/paper_files/paper/2020/file/fcbc95ccdd551da181207c0c1400c655-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/fcbc95ccdd551da181207c0c1400c655-Paper.pdf
http://arxiv.org/abs/2003.04297
https://proceedings.mlr.press/v139/creager21a.html
https://proceedings.mlr.press/v139/creager21a.html

Alexander D’ Amour, Katherine Heller, Dan Moldovan, Ben Adlam, Babak Alipanahi, Alex Beutel,
Christina Chen, Jonathan Deaton, Jacob Eisenstein, Matthew D. Hoffman, Farhad Hormozdiari,
Neil Houlsby, Shaobo Hou, Ghassen Jerfel, Alan Karthikesalingam, Mario Lucic, Yian Ma, Cory
McLean, Diana Mincu, Akinori Mitani, Andrea Montanari, Zachary Nado, Vivek Natarajan,
Christopher Nielson, Thomas F. Osborne, Rajiv Raman, Kim Ramasamy, Rory Sayres, Jessica
Schrouff, Martin Seneviratne, Shannon Sequeira, Harini Suresh, Victor Veitch, Max Vladymyrov,
Xuezhi Wang, Kellie Webster, Steve Yadlowsky, Taedong Yun, Xiaohua Zhai, and D. Sculley.
Underspecification Presents Challenges for Credibility in Modern Machine Learning, November
2020. URL http://arxiv.org/abs/2011.03395. arXiv:2011.03395 [cs, stat].

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai, Thomas
Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly, Jakob Uszkoreit,
and Neil Houlsby. An Image is Worth 16x16 Words: Transformers for Image Recognition at Scale,
June 2021. URL http://arxiv.org/abs/2010.11929. arXiv:2010.11929 [cs].

Robert Geirhos, Jorn-Henrik Jacobsen, Claudio Michaelis, Richard Zemel, Wieland Brendel, Matthias
Bethge, and Felix A. Wichmann. Shortcut learning in deep neural networks. Nature Machine
Intelligence, 2(11):665-673, November 2020. ISSN 2522-5839. doi: 10.1038/s42256-020-00257-z.
URL https://www.nature.com/articles/s42256-020-00257-z. Number: 11
Publisher: Nature Publishing Group.

Suriya Gunasekar, Jason D Lee, Daniel Soudry, and Nati Srebro. Implicit Bias of Gradient Descent
on Linear Convolutional Networks. In Advances in Neural Information Processing Systems,
volume 31. Curran Associates, Inc., 2018. URL https://proceedings.neurips.cc/
paper/2018/hash/0e9%98aeeb54acf612b9ebd4ed8a269814c—-Abstract.htmll

Guy Hacohen, Leshem Choshen, and Daphna Weinshall. Let’s Agree to Agree: Neural Networks
Share Classification Order on Real Datasets. In Proceedings of the 37th International Conference
on Machine Learning, pp. 3950-3960. PMLR, November 2020. URL https://proceedings,
mlr.press/v119/hacohen20a.html. ISSN: 2640-3498.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep Residual Learning for Image Recog-
nition, December 2015. URL http://arxiv.org/abs/1512.03385. arXiv:1512.03385
[cs].

Kaiming He, Xinlei Chen, Saining Xie, Yanghao Li, Piotr Dolldr, and Ross Girshick. Masked
Autoencoders Are Scalable Vision Learners, December 2021. URL http://arxiv.org/
abs/2111.06377. arXiv:2111.06377 [cs] version: 2.

Kurt Hornik, Maxwell Stinchcombe, and Halbert White. Multilayer feedforward networks are
universal approximators. Neural Networks, 2(5):359-366, January 1989. ISSN 0893-6080. doi:
10.1016/0893-6080(89)90020-8. URL https://www.sciencedirect.com/science/
article/pii/0893608089900208.

Weihua Hu, Gang Niu, Issei Sato, and Masashi Sugiyama. Does Distributionally Robust Supervised
Learning Give Robust Classifiers? In Proceedings of the 35th International Conference on Machine
Learning, pp. 2029-2037. PMLR, July 2018. URL https://proceedings.mlr.press/
v80/hul8a.html, ISSN: 2640-3498.

Gao Huang, Zhuang Liu, Laurens Van Der Maaten, and Kilian Q. Weinberger. Densely Connected
Convolutional Networks. In 2017 IEEE Conference on Computer Vision and Pattern Recognition
(CVPR), pp. 2261-2269, July 2017. doi: 10.1109/CVPR.2017.243. ISSN: 1063-6919.

Minyoung Huh, Hossein Mobahi, Richard Zhang, Brian Cheung, Pulkit Agrawal, and Phillip Isola.
The Low-Rank Simplicity Bias in Deep Networks, March 2023. URL http://arxiv.org/
abs/2103.10427. arXiv:2103.10427 [cs].

Eyke Hiillermeier, Thomas Fober, and Marco Mernberger. Inductive Bias. In Werner Dubitzky,
Olaf Wolkenhauer, Kwang-Hyun Cho, and Hiroki Yokota (eds.), Encyclopedia of Systems Biol-
ogy, pp- 1018-1018. Springer, New York, NY, 2013. ISBN 978-1-4419-9863-7. doi: 10.1007/
978-1-4419-9863-7_927. URL https://doi.org/10.1007/978-1-4419-9863-7_
927.

12


http://arxiv.org/abs/2011.03395
http://arxiv.org/abs/2010.11929
https://www.nature.com/articles/s42256-020-00257-z
https://proceedings.neurips.cc/paper/2018/hash/0e98aeeb54acf612b9eb4e48a269814c-Abstract.html
https://proceedings.neurips.cc/paper/2018/hash/0e98aeeb54acf612b9eb4e48a269814c-Abstract.html
https://proceedings.mlr.press/v119/hacohen20a.html
https://proceedings.mlr.press/v119/hacohen20a.html
http://arxiv.org/abs/1512.03385
http://arxiv.org/abs/2111.06377
http://arxiv.org/abs/2111.06377
https://www.sciencedirect.com/science/article/pii/0893608089900208
https://www.sciencedirect.com/science/article/pii/0893608089900208
https://proceedings.mlr.press/v80/hu18a.html
https://proceedings.mlr.press/v80/hu18a.html
http://arxiv.org/abs/2103.10427
http://arxiv.org/abs/2103.10427
https://doi.org/10.1007/978-1-4419-9863-7_927
https://doi.org/10.1007/978-1-4419-9863-7_927

Alexander Immer, Lucas Torroba Hennigen, Vincent Fortuin, and Ryan Cotterell. Probing as
Quantifying Inductive Bias. In Proceedings of the 60th Annual Meeting of the Association
for Computational Linguistics (Volume 1: Long Papers), pp. 1839—1851, Dublin, Ireland, May
2022. Association for Computational Linguistics. doi: 10.18653/v1/2022.acl-long.129. URL
https://aclanthology.org/2022.acl-1long.129.

Ziwei Ji and Matus Telgarsky. Directional convergence and alignment in deep learning. In Ad-
vances in Neural Information Processing Systems, volume 33, pp. 17176-17186. Curran As-
sociates, Inc., 2020. URL https://proceedings.neurips.cc/paper/2020/hash/
c76e4b2fab4f8506719a5c0dclic2eb9-Abstract.htmll

Yiding Jiang, Vaishnavh Nagarajan, Christina Baek, and J. Zico Kolter. Assessing Generaliza-
tion of SGD via Disagreement, May 2022. URL http://arxiv.org/abs/2106.13799.
arXiv:2106.13799 [cs, stat].

Dimitris Kalimeris, Gal Kaplun, Preetum Nakkiran, Benjamin Edelman, Tristan Yang, Boaz
Barak, and Haofeng Zhang. SGD on Neural Networks Learns Functions of Increasing Com-
plexity. In Advances in Neural Information Processing Systems, volume 32. Curran Asso-
ciates, Inc., 2019. URL https://proceedings.neurips.cc/paper/2019/hash/
b432£34c5a997c8e7c806a895eccbe25-Abstract.htmll

Pang Wei Koh, Shiori Sagawa, Henrik Marklund, Sang Michael Xie, Marvin Zhang, Akshay
Balsubramani, Weihua Hu, Michihiro Yasunaga, Richard Lanas Phillips, Irena Gao, Tony
Lee, Etienne David, lan Stavness, Wei Guo, Berton A. Earnshaw, Imran S. Haque, Sara
Beery, Jure Leskovec, Anshul Kundaje, Emma Pierson, Sergey Levine, Chelsea Finn, and
Percy Liang. WILDS: A Benchmark of in-the-Wild Distribution Shifts, July 2021. URL
http://arxiv.org/abs/2012.07421. arXiv:2012.07421 [cs].

Alex Krizhevsky and Geoffrey Hinton. Learning multiple layers of features from tiny images. 2009.
Publisher: Toronto, ON, Canada.

Tyler LaBonte, Vidya Muthukumar, and Abhishek Kumar. Dropout Disagreement: A Recipe for
Group Robustness with Fewer Annotations. November 2022. URL https://openreview,
net/forum?id=30xII8ZB3A.

Y. Lecun, L. Bottou, Y. Bengio, and P. Haffner. Gradient-based learning applied to document
recognition. Proceedings of the IEEE, 86(11):2278-2324, November 1998. ISSN 1558-2256. doi:
10.1109/5.726791. Conference Name: Proceedings of the IEEE.

Yoonho Lee, Huaxiu Yao, and Chelsea Finn. Diversify and Disambiguate: Out-of-Distribution
Robustness via Disagreement. In The Eleventh International Conference on Learning Rep-
resentations, ICLR 2023, Kigali, Rwanda, May 1-5, 2023. OpenReview.net, 2023. URL
https://openreview.net/pdf?id=RVTOp3MwT3n.

Weixin Liang and James Zou. MetaShift: A Dataset of Datasets for Evaluating Contextual Distribution
Shifts and Training Conflicts. January 2022. URL https://openreview.net/forum?
1id=MTex8gKavosS!.

Evan Z. Liu, Behzad Haghgoo, Annie S. Chen, Aditi Raghunathan, Pang Wei Koh, Shiori Sagawa,
Percy Liang, and Chelsea Finn. Just Train Twice: Improving Group Robustness without Training
Group Information. In Proceedings of the 38th International Conference on Machine Learning,
pp. 6781-6792. PMLR, July 2021. URL https://proceedings.mlr.press/v139/
1iu21f.htmll ISSN: 2640-3498.

Shengchao Liu, Dimitris Papailiopoulos, and Dimitris Achlioptas. Bad Global Minima Exist and
SGD Can Reach Them. In Advances in Neural Information Processing Systems, volume 33, pp.
8543-8552. Curran Associates, Inc., 2020. URL https://proceedings.neurips.cc/
paper/2020/hash/618491e20a9b686b79e158c293ab4f91-Abstract.html.

Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep Learning Face Attributes in the Wild.
In Proceedings of the 2015 IEEE International Conference on Computer Vision (ICCV), ICCV 15,
pp- 3730-3738, USA, December 2015. IEEE Computer Society. ISBN 978-1-4673-8391-2. doi:
10.1109/ICCV.2015.425. URL https://doi.org/10.1109/ICCV.2015.425!

13


https://aclanthology.org/2022.acl-long.129
https://proceedings.neurips.cc/paper/2020/hash/c76e4b2fa54f8506719a5c0dc14c2eb9-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/c76e4b2fa54f8506719a5c0dc14c2eb9-Abstract.html
http://arxiv.org/abs/2106.13799
https://proceedings.neurips.cc/paper/2019/hash/b432f34c5a997c8e7c806a895ecc5e25-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/b432f34c5a997c8e7c806a895ecc5e25-Abstract.html
http://arxiv.org/abs/2012.07421
https://openreview.net/forum?id=3OxII8ZB3A
https://openreview.net/forum?id=3OxII8ZB3A
https://openreview.net/pdf?id=RVTOp3MwT3n
https://openreview.net/forum?id=MTex8qKavoS
https://openreview.net/forum?id=MTex8qKavoS
https://proceedings.mlr.press/v139/liu21f.html
https://proceedings.mlr.press/v139/liu21f.html
https://proceedings.neurips.cc/paper/2020/hash/618491e20a9b686b79e158c293ab4f91-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/618491e20a9b686b79e158c293ab4f91-Abstract.html
https://doi.org/10.1109/ICCV.2015.425

Charles Lovering, Rohan Jha, Tal Linzen, and Ellie Pavlick. Predicting Inductive Biases
of Pre-Trained Models. March 2021. URL https://openreview.net/forum?id=
mNtmhaDkAr.

Muhammad Muzammal Naseer, Kanchana Ranasinghe, Salman H Khan, Munawar Hayat, Fa-
had Shahbaz Khan, and Ming-Hsuan Yang. Intriguing Properties of Vision Transformers. In
Advances in Neural Information Processing Systems, volume 34, pp. 23296-23308. Curran As-
sociates, Inc., 2021. URL https://proceedings.neurips.cc/paper/2021/hash/
c404a5adbf90e09631678b13b05d9d7a-Abstract.htmll

Luke Oakden-Rayner, Jared Dunnmon, Gustavo Carneiro, and Christopher Ré. Hidden Stratification
Causes Clinically Meaningful Failures in Machine Learning for Medical Imaging. Proceedings
of the ACM Conference on Health, Inference, and Learning, 2020:151-159, April 2020. doi:
10.1145/3368555.3384468.

Matteo Pagliardini, Martin Jaggi, Francois Fleuret, and Sai Praneeth Karimireddy. Agree to Disagree:
Diversity through Disagreement for Better Transferability. In The Eleventh International Confer-
ence on Learning Representations, ICLR 2023, Kigali, Rwanda, May 1-5, 2023. OpenReview.net,
2023. URL https://openreview.net/pdf?id=K7CbYQbyYhY.

Atri Rudra. Lecture 16: Plotkin Bound. October 2007. URL https://cse.buffalo.edu/
faculty/atri/courses/coding-theory/lectures/lectl6.pdf.

Olga Russakovsky, Jia Deng, Hao Su, Jonathan Krause, Sanjeev Satheesh, Sean Ma, Zhiheng Huang,
Andrej Karpathy, Aditya Khosla, Michael Bernstein, Alexander C. Berg, and Li Fei-Fei. ImageNet
Large Scale Visual Recognition Challenge, January 2015. URL http://arxiv.org/abs/
1409.0575) arXiv:1409.0575 [cs].

Shiori Sagawa, Pang Wei Koh, Tatsunori B. Hashimoto, and Percy Liang. Distributionally Robust
Neural Networks for Group Shifts: On the Importance of Regularization for Worst-Case General-
ization, April 2020. URL http://arxiv.org/abs/1911.08731. arXiv:1911.08731 [cs,
stat].

Hadi Salman, Andrew Ilyas, Logan Engstrom, Ashish Kapoor, and Aleksander Madry. Do Adversari-
ally Robust ImageNet Models Transfer Better? In H. Larochelle, M. Ranzato, R. Hadsell, M. F. Bal-
can, and H. Lin (eds.), Advances in Neural Information Processing Systems, volume 33, pp. 3533—
3545. Curran Associates, Inc., 2020. URL https://proceedings.neurips.cc/paper_
files/paper/2020/file/24357dd085d2c4bla88a7e¢0692e60294-Paper.pdfl

Luca Scimeca, Seong Joon Oh, Sanghyuk Chun, Michael Poli, and Sangdoo Yun. Which Shortcut
Cues Will DNNs Choose? A Study from the Parameter-Space Perspective, February 2022. URL
http://arxiv.org/abs/2110.03095. arXiv:2110.03095 [cs, stat].

Harshay Shah, Kaustav Tamuly, Aditi Raghunathan, Prateek Jain, and Praneeth Ne-
trapalli. The Pitfalls of Simplicity Bias in Neural Networks. In Advances in
Neural Information Processing Systems, volume 33, pp. 9573-9585. Curran Asso-
ciates, Inc., 2020. URL https://proceedings.neurips.cc/paper/2020/hash/
6cfelebl27fa25df2alef2ael067d915-Abstract.html.

Shai Shalev-Shwartz and Shai Ben-David. Understanding Machine Learning: From Theory
to Algorithms. Cambridge University Press, Cambridge, 2014. ISBN 978-1-107-05713-5.
doi: 10.1017/CB0O9781107298019. URL https://www.cambridge.org/core/books/
understanding-machine—learning/3059695661405D25673058E43C8BE2AG.

Nimit Sohoni, Jared Dunnmon, Geoffrey Angus, Albert Gu, and Christopher Ré. No Subclass
Left Behind: Fine-Grained Robustness in Coarse-Grained Classification Problems. In Ad-
vances in Neural Information Processing Systems, volume 33, pp. 19339-19352. Curran As-
sociates, Inc., 2020. URL https://proceedings.neurips.cc/paper/2020/hash/
e0688d13958a19e087e123148555e4b4-Abstract.htmll

S. A. Stepanov. Nonlinear codes from modified Butson—-Hadamard matrices. 16(5):429-438,
September 2006. ISSN 1569-3929. doi: 10.1515/156939206779238463. URL https://www,
degruyter.com/document /doi/10.1515/156939206779238463/html. Pub-
lisher: De Gruyter Section: Discrete Mathematics and Applications.

14


https://openreview.net/forum?id=mNtmhaDkAr
https://openreview.net/forum?id=mNtmhaDkAr
https://proceedings.neurips.cc/paper/2021/hash/c404a5adbf90e09631678b13b05d9d7a-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/c404a5adbf90e09631678b13b05d9d7a-Abstract.html
https://openreview.net/pdf?id=K7CbYQbyYhY
https://cse.buffalo.edu/faculty/atri/courses/coding-theory/lectures/lect16.pdf
https://cse.buffalo.edu/faculty/atri/courses/coding-theory/lectures/lect16.pdf
http://arxiv.org/abs/1409.0575
http://arxiv.org/abs/1409.0575
http://arxiv.org/abs/1911.08731
https://proceedings.neurips.cc/paper_files/paper/2020/file/24357dd085d2c4b1a88a7e0692e60294-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/24357dd085d2c4b1a88a7e0692e60294-Paper.pdf
http://arxiv.org/abs/2110.03095
https://proceedings.neurips.cc/paper/2020/hash/6cfe0e6127fa25df2a0ef2ae1067d915-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/6cfe0e6127fa25df2a0ef2ae1067d915-Abstract.html
https://www.cambridge.org/core/books/understanding-machine-learning/3059695661405D25673058E43C8BE2A6
https://www.cambridge.org/core/books/understanding-machine-learning/3059695661405D25673058E43C8BE2A6
https://proceedings.neurips.cc/paper/2020/hash/e0688d13958a19e087e123148555e4b4-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/e0688d13958a19e087e123148555e4b4-Abstract.html
https://www.degruyter.com/document/doi/10.1515/156939206779238463/html
https://www.degruyter.com/document/doi/10.1515/156939206779238463/html

S. A. Stepanov. Nonlinear g-ary codes with large code distance. Problems of Information Trans-
mission, 53(3):242-250, July 2017. ISSN 1608-3253. doi: 10.1134/S003294601703005X. URL
https://doi.org/10.1134/5003294601703005Xl

Damien Teney, Ehsan Abbasnejad, Simon Lucey, and Anton van den Hengel. Evading the Simplicity
Bias: Training a Diverse Set of Models Discovers Solutions with Superior OOD Generalization,
September 2022a. URL http://arxiv.org/abs/2105.05612. arXiv:2105.05612 [cs].

Damien Teney, Maxime Peyrard, and Ehsan Abbasnejad. Predicting is not Understanding: Rec-
ognizing and Addressing Underspecification in Machine Learning, July 2022b. URL http:
//arxiv.org/abs/2207.02598. arXiv:2207.02598 [cs] version: 1.

V. Vapnik. Principles of risk minimization for learning theory. In Proceedings of the 4th International
Conference on Neural Information Processing Systems, NIPS’91, pp. 831-838, San Francisco, CA,
USA, December 1991. Morgan Kaufmann Publishers Inc. ISBN 978-1-55860-222-9.

V. N. Vapnik and A. Ya. Chervonenkis. On the Uniform Convergence of Relative Frequencies of
Events to Their Probabilities. In Vladimir Vovk, Harris Papadopoulos, and Alexander Gammerman
(eds.), Measures of Complexity: Festschrift for Alexey Chervonenkis, pp. 11-30. Springer Interna-
tional Publishing, Cham, 2015. ISBN 978-3-319-21852-6. doi: 10.1007/978-3-319-21852-6_3.
URL https://doi.org/10.1007/978-3-319-21852-6_3\

Hemanth Venkateswara, Jose Eusebio, Shayok Chakraborty, and Sethuraman Panchanathan. Deep
Hashing Network for Unsupervised Domain Adaptation. In 2017 IEEE Conference on Computer
Vision and Pattern Recognition (CVPR), pp. 5385-5394, July 2017. doi: 10.1109/CVPR.2017.572.
ISSN: 1063-6919.

Florian Wenzel, Andrea Dittadi, Peter Gehler, Carl-Johann Simon-Gabriel, Max Horn, Dominik
Zietlow, David Kernert, Chris Russell, Thomas Brox, Bernt Schiele, Bernhard Scholkopf,
and Francesco Locatello. Assaying Out-Of-Distribution Generalization in Transfer Learn-
ing. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh (eds.), Ad-
vances in Neural Information Processing Systems, volume 35, pp. 7181-7198. Curran Asso-
ciates, Inc., 2022. URL https://proceedings.neurips.cc/paper_files/paper/
2022/file/2f5acc925919209370a3afd4deac5cad4a-Paper-Conference.pdfl

Han Xiao, Kashif Rasul, and Roland Vollgraf. Fashion-MNIST: a Novel Image Dataset for Bench-
marking Machine Learning Algorithms, September 2017. URL http://arxiv.org/abs/
1708.07747. arXiv:1708.07747 [cs, stat].

Yufei Xu, Qiming ZHANG, Jing Zhang, and Dacheng Tao. ViTAE: Vision Trans-
former Advanced by Exploring Intrinsic Inductive Bias. In Advances in Neu-
ral Information Processing Systems, volume 34, pp. 28522-28535. Curran Asso-
ciates, Inc., 2021. URL https://proceedings.neurips.cc/paper/2021/hash/
efb76cff97aaf057654ef2£f38cd77d73-Abstract.html.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization, February 2017. URL |http://arxiv.org/
abs/1611.03530. arXiv:1611.03530 [cs].

Jingzhao Zhang, Aditya Krishna Menon, Andreas Veit, Srinadh Bhojanapalli, Sanjiv Kumar, and
Suvrit Sra. Coping with Label Shift via Distributionally Robust Optimisation. January 2021. URL
https://openreview.net/forum?id=BtZhsSGNRNi.

Michael Zhang, Nimit S. Sohoni, Hongyang R. Zhang, Chelsea Finn, and Christopher Re. Correct-
N-Contrast: a Contrastive Approach for Improving Robustness to Spurious Correlations. In
Proceedings of the 39th International Conference on Machine Learning, pp. 26484-26516. PMLR,
June 2022. URL https://proceedings.mlr.press/v162/zhang22z.html. ISSN:
2640-3498.

15


https://doi.org/10.1134/S003294601703005X
http://arxiv.org/abs/2105.05612
http://arxiv.org/abs/2207.02598
http://arxiv.org/abs/2207.02598
https://doi.org/10.1007/978-3-319-21852-6_3
https://proceedings.neurips.cc/paper_files/paper/2022/file/2f5acc925919209370a3af4eac5cad4a-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/2f5acc925919209370a3af4eac5cad4a-Paper-Conference.pdf
http://arxiv.org/abs/1708.07747
http://arxiv.org/abs/1708.07747
https://proceedings.neurips.cc/paper/2021/hash/efb76cff97aaf057654ef2f38cd77d73-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/efb76cff97aaf057654ef2f38cd77d73-Abstract.html
http://arxiv.org/abs/1611.03530
http://arxiv.org/abs/1611.03530
https://openreview.net/forum?id=BtZhsSGNRNi
https://proceedings.mlr.press/v162/zhang22z.html

Appendix

The appendix of this work is outlined as follows:

Appendix [A] proves Proposition [I]of Sec. [4.1] (synthetic 2D task), and shows that the optimal
diversification loss depends on the spurious ratio of the unlabeled data.

Appendix [B|extends the experiment done in Sec. (synthetic 2D task) by training a multilayer
perceptron (MLP) instead of a linear classifier, and shows empirically that Proposition[I|extends
to more complex classifiers.

Appendix [C] provides additional experiments for Sec. #.1]| and shows empirically that Proposi-
tion [T extends to DivDis.

Appendix [D|provides the implementation details of the experimental verification of Proposition|[T]
on real-world images (Sec. We also provide additional results, using the M/F dataset
(where MNIST and Fashion-MNIST (Xiao et al., [2017)) are concatenated), as well as the CelebA
(Liu et al.,2015) dataset. We also show that tuning the diversification hyperparameter « is
not sufficient to compensate the performance loss from the misalignment between unlabeled
data and diversification loss, i.e., the conclusion of Proposition [I]still holds when tuning c.

Appendix [E] proves Proposition [2] of Sec. proving the existence of a large number of
pairwise diverse hypotheses which do not generalize. A proof for a similar result in multi-class
classification case is also provided.

Appendix |[F.1| provides an overview of the important concepts from Task Discovery (Atanov
et al.| 2022)) used in this paper (agreement score, adversarial splits).

Appendix using agreement score, explains the experimental setup and results that demon-
strates that D-BAT and DivDis find hypotheses that are not only diverse but aligned with the
inductive bias of the used learning algorithm.

Appendix [G]reports the experimental details and full results of Sec.[5.2]

Appendix [H|provides a detailed explanation of how to construct the training and unlabeled data of
[5.3| where we show that by only changing the distribution of unlabeled data, we can influence
the optimal choice of the architecture. It also contains an variant of Tab. 2| with ViT&ResNet
pair, as well as an extension of the experiment with a smooth interpolation from one unlabeled
dataset setting to the other, showing a linear transition where one architecture goes from
the optimal performance to random-chance accuracy, and vice-versa.

A Proof and Discussion of Proposition [1]

In Sec.[4] we make a proposition that, in the synthetic 2D example, the optimal choice of diversification
loss changes with the spurious ratio of unlabeled OOD data rp,. Specifically, DivDis-Seq finds
the ground truth hypothesis ~* if and only if rp, = 0.5 (i.e., balanced or no spurious correlation),
whereas D-BAT discovers h* if and only if rp, = 0 (i.e., inversely correlated). In this section, we
provide the proof, method by method, and case by case.

We first restate the Proposition [1|as follows:

Synthetic 2D Binary Classification Task. We illustrate the setting in Fig. 4|and describe it below:

L]

The data domain spans a 2D square, i.e., {z = (z1,22) € [-1,1]%}.

The training distribution is defined as D; = {x = (21, z2) € {[—1, 0]U[0, 1]}U{[0, 1]U[-1,0]}},
i.e., contains data points the 1st and 4th quadrants.

Our hypothesis space H contains all possible linear classifiers h(x; 8) where 3 is the radian of
the classification plane w.r.t horizontal axis x7.

The ground truth hypothesis is h* () = h(x; §) = Z{x1 > 0}, where T is the indicator function.
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Figure 4: Synthetic 2D Binary Classification Task. A and @ represent the training data points

and their labels. " represents unlabeled OOD data. In this setting, the unlabeled OOD data D,, has
spurious ratio rp, = 0 (i.e., inversely correlated).

* The spurious hypothesis, i.e. the one that ERM converges to, is assumed to be hep(2) = h(x;0) =
I{SL’Q < O}

* Thus, hs, and h* agree on the training data (1st and 4th quadrants) and disagree on the 2nd and
3rd quadrants.

* We vary the spurious ratio of the unlabeled OOD data distribution D,, by varying the ratio of data
points sampled from the 1st and 4th quadrants over the number of data points sampled from the
2nd and 3rd quadrants.

* One possibility is to define D,, = {x = (z1,22) € {[R(rp,),1]U[0,1]} U{[-1,—R(rp,)] U
[-1,0]}}, and R(r) = X5 for 0 <7 < 0.5.

o Let Py (x;y) be the probability of class y predicted by hypothesis & given sample x. The following
proof assumes both the hypotheses hs), and the second hypothesis h5’Z or h’P discovered by
D-BAT and DivDis-Seq have a hard margin, i.e., P, (z;y) € {0, 1}. Nonetheless, we also show
empirically in Sec. . T|(Fig.[2) that when this hard margin condition does not hold, we get the
same conclusion as Proposition|I]

Proposition 1. (On Optimal Diversification Loss) In the synthetic 2D binary task, let hY® and h®P
be the second hypotheses of D-BAT and DivDis-Seq, respectively. If rp, = 0, then hY? = h* and
hYP = h(z; %). Otherwise, if rp, = 0.5, then h)P = h(z;m) = 1 — hg, and WP = h*.

Proof.
In the following proof, we use —h to denote the opposite hypothesis, i.e., —h(z) = 1 — h(x).
D-BAT. Plugging in the unlabeled OOD data distribution D,,, the first hypothesis hg;, and the second

hypothesis A2 B, the diversification loss in D-BAT is:

Ap, (hep, h5'P) = Eyp, [-10g(Ph,, (250) - Pyps (251) + Po, (251) - Pyps (250))],

Let ﬁ%}}M be the ERM loss on fitting training data. D-BAT’s objective is then E%?M + aAp,, where
« is a hyperparameter. Bellow, we prove the proposition case by case:

e When rp, = 0 (inversely correlated), the unlabeled OOD data spans {[0, 1] U [0, 1]} U{[-1,0]U
[—1,0]},i-e., the second and third quadrants. In this case, the diversification loss is:

Ap, = Eenp,[10g(Pr,, (2;0) - Pype(z;1) + P, (231) - Pyps(2;0))]

— By, [log(1 - Pyps(w51) +0- Pyps(250)) | 2 € {0,110 [0, 1}] - % (2nd quadrant)
By, [—10g(0 Pyps (331) + 1+ Pyps (50)) | & € {[=1,0] U[~1,0]}] % (3rd quadrant),
@

where we assume uniform distribution over D,.4. The hypothesis h2D B which minimizes the
diversification loss in Eq. 4 should satisfy P,pz(z;1) = 1 and P,ps(x;0) = 1 for the data
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points in the second and third quadrants, respectively. Since the hypothesis space consists of
linear classifiers, the two hypotheses that satisfy (i.e., with Ap, = 0) the above constraints are
h* and —hsgp, where —hgp () = 1 — Z{xs < 0} = Z{z2 > 0}. When considering the entire
objective LEFM + o Ap , only h* minimizes the objective to 0, regardless of «. Therefore, in
this case, the D-BAT’s solution corresponds to the ground truth function h*.

* When rp, = 0.5 (balanced), the unlabeled OOD data spans {[—1, 1]U[0, 1]}U{[—1, 1]JU[-1,0]},
i.e., all four quadrants. The diversification loss is, therefore:

Ap, =Eznp, [-10g(Ph., (;0) - Pops(2;1) + Ph,, (2;1) - P,ps(2;0))]
=Eu~p,[~log(l- Ppos(z;1) + 0 Pyos(z;0)) [z € {[0,1] U[0,1]}] - i (2nd quadrant)
+Egnp, [—log(1 - Pps(2;1) + 0« Ppps(;0)) | 2 € {[-1,00U[0,1]}] - i (Ist quadrant)
+ Eynp, [-10g(0 - Pyps(z;1) + 1 Pyoe(2;0)) |z € {[-1,0] U [-1,0]}] - i (3rd quadrant)
By, [~log(0 - Pyps (2:1) + 1+ Pyps(230)) | @ € {[0,1] U [~1,0]}] - % (4th quadrant)
&)

The hypothesis ho which minimizes Eq. 5| requires Phgs (z;1) = 1 for z in the 1st & 2nd

quadrants, and Py,p5 (2;0) = 1 for z in the 3rd & 4th quadrants. The only hypothesis which
satisfies these conditions is —hgp,. Although —hg, doesn’t minimize E%E‘M, we note that, given
that the hypothesis function is hard-margin, any data point x in the 1st and 4th quadrants drives
the diversification loss to positive infinity if h2Z () # —hsp (). This is because of the —log in
the diversification loss. Therefore, in this case, D-BAT’s solution is —hj, regardless of E%?M
and «. In practice (soft-margin regime), given that the o parameter is large enough to enforce
diversification, this also holds as we empirically verified in Fig. 2} Left.

* The cases where 0 < rp, < 0.5 can be straightforwardly extended from the above two cases.
Indeed, as said above, any unlabeled data point in the 1st and 4th quadrants drives the diver-
sification loss to be positive infinity if h? B # —hgp, and, thus, h? B — —hsp Note, that this
“phase transition” arises in theory as we consider all the points from D,.q appearing in the 1st
and 4th quadrants, i.e., {[R(rp,),0] U [0, 1]} and {[0, —R(rp, )] U [-1,0]}. In practice, when
Dyoq contains only some samples from these regions, the hQDB will rotate counterclockwise
as we increase rp,, from 0 to 0.5, starting at hgT and ending at —hg}, as seen in the empirical
experiment shown in Fig. 2]

Overall, when rp, = 0, there are h* and —hg, minimizing diversification loss with minimum 0, and
only ~* minimizes the whole loss (ERM + diversification loss). On the other hand, when rp, = 0.5,
D-BAT finds —h, that minimizes diversification loss but violates the ERM objective, regardless of
the choice of a.

DivDis-Seq. The DivDis diversification loss is

Ap, (hsps h3'P) = Dxr. (P, w22) || Proy @ Prpp) + ADkr(Pypo || Pp,).

The first term on the right-hand side is the mutual information between h, and k2P . Minimizing
mutual information on the unlabeled OOD data D,, yields an hypothesis h2’? that disagrees with hsp
on % data points while agreeing on the other % (where Ny is the size of unlabeled OOD data). In
a finite sample size, this is equivalent to the hypotheses being statistically independent.

The second term is the KL-divergence between the class distribution of /5 on unlabeled data D,, and
the class distribution of D;. In this setting, an hypothesis hy minimizing this metric simply needs to
classify half of the samples in the first class and the other half in the second class. Therefore:

* Whenrp, = 0 (inversely correlated), minimizing LE*™M (hP)+aAp, (hsp, hYP) finds hPP =
h(z; 7). Indeed, it is the only linear classifier that satisfies (minimizes to 0) both objectives. It
classifies all data points from D, correctly and *half” disagrees (i.e., statistically independent) on
2nd and 3rd quadrants with hgp,, and classifies half of the unlabeled samples in each class.
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* When rp, = 0.5 (balanced), minimizing LE™ (hDP) + aAp, (hsp, h5P) finds hPP =

h(z; 5) = h* as the only hypothesis satisfying both losses similar to the previous case.

e In general, for 0 < rp, < 0.5, the classification boundary of hg D rotates counterclockwise
(starting at h(z; T ) forrp, = 0) as the spurious ration increases i.e. h’” = h(z; B(rp,)), where

B(r) : [0,0.5] — [F, 5] is an increasing function of r. More precisely, 3(r) = 5 —arctan(5=25).
This is the solution that satisfy both losses, similarly to the previous cases. The decision line lies
in the 2nd and 3rd quadrants, and, therefore classifies the labeled training data correctly. The
angle can be easily derived to satisfy the constraint that h2’? and h,, agree only on half of the
unlabeled OOD data. Since §(r) is strictly increasing, it is only when rp_ = 0.5 the solution of

DivDis-Seq coincides with the ground truth h* = h(x; §) = h(x; 3(0. 5))

In this setting, this means DivDis-Seq only finds A* when the unlabeled OOD data is balanced.
O

Conclusion. Overall, we see that the two methods find 2* in completely different conditions, which
is consistent with the observation in Fig. [2]and thus calls for attention on one of the key components —
the spurious ratio of unlabeled OOD data rp,, .

DivDis. Since simultaneous training introduces a more complex interaction between the two hy-
potheses, we do not provide proof for DivDis. In Appendix [C| we give empirical results on the 2D

example showing that DivDis only finds ~* when rp, = 0.5, as DivDis-Seq does, but the solutions
are different for other values of the spurious ratio.

B Results for Training MLPs on 2D Task

D-BAT 7p, =0 D-BAT  Tp, = 0.25 D-BAT Tp, =05

2D Binary Classification Task

= x 0 =8 / g | -

Figure 5: Performance of diversification is highly dependent on unlabeled OOD data (2D
example + MLP). The unlabeled OOD data points are not shown in the plots. Left: the labeled
training data D, the ground truth function ~* and the spurious function hs,. Right: the second
hypothesis for D-BAT and DivDis-Seq under different spurious ratio of unlabeled OOD data.

In this section, we investigate whether the influence of the spurious ratio of unlabeled OOD data
shown in Proposition [I] still holds when the learning algorithm is more flexible. Specifically, we
use the same 2D settings, described in Sec.[dand Appendix [A] but we train a multilayer perceptron
(MLP) instead of the linear classifier. The MLP consist of 3 fully-connected layers (with width 40)
and has ReLU as the activation function.

As shown in Fig.[5] we observe that D-BAT (Pagliardini et all 2023)) finds h* only in inversely
correlated unlabeled OOD data, while DivDis-Seq, on the contrary, finds h* under balanced unlabeled

19



A Class0 e Class1 o Unlabeled data —-- DivDis Model 1 ~ —— DivDis Model 2

A
=

A A A A
A A p o % A A b o B A s o g 4 A m "o
|
o o 4 0 o
A ana IF e A aa s /s A aag 7 & 4 aa " o
A A i A A A A A A
hg i o o ‘ d o4 o T A o m 44
__P__D___I__..___.. e Ry st Eat b B e e P —i e ————— o g i
" ! [ ] ° B () L) ° " ) L) ° v [ ] e
°
o ol o o o L o o e o Lea)
o i o il o
| °
o o e o ® o @ e o o o e g LJ o o Le e
g P | a7 7o, =0 B f rp, = 0.25 B 7p, = 0.5
o 1 [u] o] o u ju]
2D Binary Task Inverse Correlated Partially Correlated Balanced

Figure 6: (Complementary results for Fig. 2} Left) Learning Dynamics of DivDis (Lee et al.,
2023) on 2D binary task. Left: Top-left quadrant: The 2D binary classification task. Other
quadrants: The two diverse hypotheses (arrows are normal vectors) found by DivDis with varied
spurious ratios of unlabeled OOD data rp, = {0,0.25,0.5} (from inversely correlated to balanced).

OOD data, which is consistent with the Proposition [I} Indeed, for D-BAT, when rp, = 0.25 or
rp, = 0.5, the diversification loss contradicts with the cross-entropy loss on the labeled training
data, causing misclassification on the training data. On the contrary, DivDis-Seq’s boundary rotates
counterclockwise, and its diversification loss causes no contradiction with the cross-entropy training
loss.

C Results for DivDis on 2D Binary Task

In Sec. we show how varying the spurious ratio influences the learning dynamics of DivDis-Seq
and D-BAT. For completeness, we also provide results for DivDis (Fig.[6). The experimental setup
is the same as in Sec. ] with 0.5k / 5k training and unlabeled OOD data (with varied spurious
ratio). Similarly, the hypothesis space is restricted to linear classifiers. Because DivDis optimizes
simultaneously (i.e., there is no first/second model), we do not fix the first classifier to hg, contrary to
what was done for D-BAT and DivDis-Seq.

As shown in Fig. [6] DivDis does not find the true hypothesis #* when the unlabeled OOD data
is inversely correlated. On the contrary, it recovers hg, and h* when the unlabeled OOD data is
balanced. Thus, DivDis and DivDis-Seq share similar learning dynamics when rp, = 0.5.

D More Details, Results and Discussion for Sec.4.2]

In Sec. .2l we demonstrate on real-world image data that one of the key factors influencing
the performance of diversification methods is the distribution of the unlabeled OOD data (more
specifically, the spurious ratio rp_ ). Here we provide more details for the experimental setup, and
results (in Fig. E]) for M/F (Pagliardini et al.,|2023)) dataset (where MNIST and Fashion-MNIST (Xiao
et al., 2017) are concatenated). We then provide the results on CelebA (Liu et al.| 2015} Lee et al.,
2023)) as a verification on a large-scale dataset, as shown in Tab. E}

Dataset & model details. We investigate two datasets: M/C and M/F, where:

¢ In the training set (Fig.[7), the spurious dataset (MNIST) completely correlates with the "true" or
semantic dataset (CIFAR-10 (Krizhevsky & Hinton, [2009) or Fashion-MNIST (Xiao et al.|[2017)).
Specifically, in M/C, MNIST 0Os and 1s always concatenate with cars and trucks, respectively. In
M/F, MNIST Os and 1s always concatenate with coats and dresses, respectively.

* For the unlabeled data D,,, where D-BAT & DivDis(-Seq)’s hypotheses make diverse predic-
tions, the spurious ratio rp changes, exposing that the performance of diversification is highly
dependent on the unlabeled data.

* We can straightforwardly vary the rp, by changing the rules of concatenation in D,,. Specifically,
take M/C as an example, we first take the samples of Os and 1s from MNIST, as well as cars
and trucks from CIFAR-10, and we make sure they have the same size and are shuffled. Then,
according to spurious ratio rp, , we randomly select a rp,, proportion of the samples from MNIST
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Figure 7: Training data samples from M/C (Top) and M/F (Bottom). Note that D, is completely
spurious correlated (rp, = 1). Thus, MNIST Os/1s match with CIFAR-10 cars/trucks or F-MNIST
coats/dresses.
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Figure 8: Test data samples from M/C (Top) and M/F (Bottom). Note that D,.q is balanced
(rp,,, = 0.5).

(0s / 1s) and CIFAR-10 (cars / trucks), and concatenate Os with cars and 1s with trucks (so that the
semantic feature is correlated with the spurious feature in rp, of samples). We finally concatenate
the remaining 1 — rp,, proportion of samples oppositely (i.e., Os with trucks and Is with cars).

* rp, = 0 means inversely correlated (all images are Os/trucks or 1s/cars).

e rp, = 0.5 means balanced (half of the Os are concatenated with cars and the other half is
concatenated with trucks, half of the 1s are concatenated with trucks and the other half is
concatenated with cars).

* rp, = 1 means completely spurious (all images are Os/cars or 1s/trucks).

* The test data is a hold-out balanced OOD data D,.q (Fig. , ie.,rp,,, = 0.5, in which there
is no spurious correlation between the MNIST and target dataset (either CIFAR-10 or Fashion-
MNIST), and the labels are assigned according to CIFAR-10 (in M/C) and Fashion-MNIST (in
M/F).

We train a LeNet (Lecun et al.| [{1998), which contains 2 convolutional layers and 3 linear layers.
Following Pagliardini et al.|(2023) setup, depending on the dataset, we modify the number of channels
and input / output sizes of the linear layers. We summarize these parameters in Tab. [3]

Convl Conv2 Linear 1  Linear2 Linear3 Pooling

M/C 3,32,5 32,56,5 2016,512 512,256  256,2  Average
M/F 1,6,5 6,16,5 960,120 120, 84 84,2 Max

Table 3: LeNet’s parameters in Sec.[d.2] For Conv layers, the numbers represent the input channel,
output channel and kernel size. For linear layers, the numbers are input and output sizes, respectively.

Results on M/F dataset. In the same manner of Fig[2] we show results on M/F dataset in Fig.[9}Right.
We see a similar trend as Fig[2}

* When rp, € [0,0.5], (inversely correlated to balanced), the results match our observations made
in.

e When rp, € [0.5,1.0] (balanced to completely spurious), both on M/C and M/F, all methods
have more and more difficulty to diversify and use the semantic features. Indeed, the unlabeled
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Figure 9: Performance of diversification is highly dependent on unlabeled OOD data (M/C and
MV/F datasets). The test accuracy is measured on balanced data Doq (i-€. 7p,_,, = 0.5, no spurious
correlation). Left: Test accuracy of D-BAT & DivDis(-Seq) on MNIST/CIFAR-10 for varied spurious
ratios 7p,, . Right: Test accuracy of D-BAT & DivDis(-Seq) on MNIST/Fashion-MNIST for varied
spurious ratios 7p,, .

D, = 0.0 D, = 0.5 D, = 1.0

D-BAT 84.6:103 828100 746106
DivDis-Seq  84.81¢.2 86.110.1 73.240.4

Table 4: Verification of the conclusion in Proposition[I| with CelebA-CC. Gender is used as the
spurious attribute and hair color as the target. We report average test accuracy. The trends of accuracy
are consistent with what was shown in Fig[9] indicating that the conclusion that D-BAT reaches its
optimal when rp, = 0.0 and DivDis(-Seq) reaches its optimal when rp, = 0.5 can extend to a
much larger and more realistic dataset. DivDis-Seq is used here for a fair comparison.

OOD data distribution D,, gets increasingly closer to the training distribution D;, thus we cannot
expect OOD generalization.

Overall the synthetic 2D binary task section, M/C, and M/F experiments suggest that, in practice,
across different datasets, diversification methods’ behavior and solutions are highly dependent on the
spurious ratio of unlabeled OOD data.

Discussion on the o hyperparameter. In the above experiments on both datasets, we use large
coefficients « for diversification losses (Ap, in Eq. |Z[) as 5/50/ 50 for D-BAT / DivDis / DivDis-Seq,
in order to study the behavior of these methods when the diversity objective is fully optimized.

In Fig. [I0}Left, we further show results for different values of . We observe that tuning « is not
sufficient to compensate for the misalignment between the unlabeled OOD data and the diversification
loss, and the performance for both methods has the same trend. Specifically, larger «v gives better test
accuracy in general, as shown in Fig. [[O}Left. In Fig.[T0}Right, we select the best « for each scenario
(i.e., each spurious ratio of unlabeled OOD data), and observe no meaningful difference in behaviour
(compared to Fig.[2] and Fig.[9). Therefore, a conclusion similar to Proposition [I] still holds: even
when tuning « for each unlabeled OOD data setting (i.e. spurious ratio), D-BAT performs best when
the unlabeled data is inversely correlated, while DivDis performs best when the unlabeled data is
balanced. This suggests that a practitioner might not be able to compensate a misalignment between
unlabeled data and diversification loss by tuning the hyperparameter a.

Results on CelebA-CC dataset. In Tab.[4] we further show results on large-scale real-world dataset,
namely CelebA-CC (Liu et al., 2015} |Lee et al.,2023)). CelebA-CC is a variant of CelebA, introduced
by (Lee et al.,|2023), where the training data semantic attribute is completely correlated with the
spurious attribute. Here, gender is used as the spurious attribute and hair color as the target. We take
D-BAT and DivDis-Seq (for fair comparison on sequential training), and show their test accuracy
on different degrees of spurious ratio of unlabeled OOD data (rp, = {0.0,0.5,1.0}). Consistent
with our previous observations, the results show that D-BAT performs the best when rp, = 0.0, and
DivDis-Seq performs the best when rp, = 0.5.
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Figure 10: Tuning « is not sufficient to compensate for the change in performance when the
spurious ratio of unlabeled OOD data changes. The test accuracy is measured on balanced data
D,oq of MNIST/CIFAR-10. Left: Test accuracy of D-BAT and DivDis with varied spurious ratios
of unlabeled OOD data, where various « are considered. Right: Test accuracy with the best « for
D-BAT and DivDis, where for each spurious ratio, the best « is selected w.r.t the accuracy on a
hold-out balanced validation data.

E Proof of Proposition 2]

We first remind our proposition:

Proposition 2. For K = (2|D00d\ — 1) and h* the OOD labeling function, there exists a set of
diverse K hypotheses h1, ..., hi, i.e., Ap_ ,(hi,hj) = [{x € Dooa : hi(z) = ( YH/ | Dood| <
0.5 Vi,je {1,...,K},i;éjandltholdsthatmaxh/ehh,,,7h Acc(h*, 1) < 0.5.

This formulation covers our two methods of interest, D-BAT (Pagliardini et al.;,[2023)) and DivDis (Lee
et al., 2023). Indeed, the maximum agreement is upper-bounded by 0.5. For DivDis, the optimal
solution has maximum agreement of 0.5, as seen in Appendix [A] For D-BAT, the optimal solution
has the lowest agreement possible. Indeed, for K = 2, the optimal solution has Ap__, (h1, h2) = 0.
Thus, both methods optimal solutions are covered when upper-bounding the maximum agreement by
0.5 (as long as K < (2|Dgoa| — 1)).

We prove the existence of a diverse set of K hypotheses, satisfying the condition of Proposition 2,
using a classic construction from coding theory, called the Hadamard code (Bose & Shrikhande,
1959).

Terminology. We first make explicit the equivalence between a hypothesis space and coding
theory terminology. In binary classification, a labeling function or hypothesis h; on Dyoq is a
binary codeword (vector) of fixed length N, where N = |Dyoq|. A set of K hypotheses is now
referred to as a code C of size K. We define the Hamming distance between codewords h;, h; as

d(hs, hj) = Zk 1 Z1hi(k) # hj(k)] where 7 is the indicator function and h; (k) is the hypothesis
predlctlon on the kth data point from D,,q. The Hamming distance between two equal-length
codewords of symbols is the number of positions at which the corresponding symbols are different.

The agreement between two hypotheses h;, h; can now be rewritten using the Hamming distance as
N N d(hi,h;
Apa(hishy) = % Yy Zlhi(k) = hy(k)) = {1 (N = 301, Zlha(k) # hy(R)]) = 1 — Hgh,

o . . . d(h*,h'
Similarly, the accuracy can also be rewritten as Acc(h*,h') = Ap_,,(h*,h/) =1 — %

Proof.

We first use the fact that there exists a binary code C' with minimum distance d* =

min, yec o2y d(x,y) = & and |C] = 2N. This binary code is the Hadamard code (Bose &
Shrikhande, |1959; |[Rudra}, [2007), also known as Walsh code. This binary code has 2N codewords of

length N and has the minimal distance of %
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We show now that we can modify the Hadamard code C' to obtain another code C’ with equivalent
properties and h* € C’. For C, it then holds that maxp cc Acc(h*, h') < 0.5, as it was shown

above that Acc(h*,h') = 1 — %’h/) <1- % =1- NT/Z = 0.5. Further, we show how to
construct such C’.

Let hy be the first codeword of C'. Let us now define a function (or transformation) f(h) : {0, 1}V —

{0,1}" such that f(h;) = h*,i.e f transforms h; into h*. Since we are dealing with binary vectors,
the function f(h) can be broken down into individual bit flips i.e.

h(7) if hi(i) = h* (i)
f(h)(@) =
1—h(i) if hy(i) # h*(3)
Applying f to all codewords in code C' gives us a new code C’ = {h € C : f(h)} and h* € C". This

operation maintains the minimum distance d = % since:
N
d(f(ei), f(eg) = D ZIf(hi) (k) # f(hy)(F)]
k=1

S Ziha(k) £ Ay (k)
{k: hq(k)=h*(k)}
i Z Z[1 — hi(k) #1 — hj(k))] (by definition of f)
{k: ha(k)#h* (k)}

=S Zlh(k) # by (k)]

{k: hi(k)=h*(k)}

{k: ha(k)#h>(k)}

Therefore, C’ is the code satisfying all the conditions of Proposition 2.

As was shown before, a binary code C'is equivalent to a set of |C| hypotheses with the same properties.
Thus, with N = |Dyoql, the above construction gives us a set of (2|Dyoq| — 1) (2N minus the true
labeling h*) hypotheses satisfying the constraints of Proposition 2. This concludes our proof.

O
Extension to multi-class classification

We used the mathematical framework of coding theory and a classical result from it, the Hadamard
code (Bose & Shrikhandel [1959)), to prove Proposition 2, specifically for binary hypotheses. However,
in coding theory, it has not been proven yet whether codes with similar “nice” properties, similar to
Hadamard’s, exist for any g-ary codes i.e. for hypotheses with ¢ possible classes. One exception is
when ¢ is a prime number.

Proposition 3. Let q be the number of classes and a prime number. Let m € NV s.t. | Dood| = ¢™.
Then, for K = (q - |Dood| — 1) and h* the OOD labeling function, there exists a set of diverse K g-
ary hypotheses hy, ..., hi, s.t., Ap,,,(hi,h;j) =|T € Dooa : hi(x) = hj(x)|/|Doocd| < % Vi, j €
1,...,K,i# j, and it holds that maxp/cp, .. .. he Acc(h*, h') < %

Proof. Using a similar argument from the proof of Proposition 2, (Stepanov, 2006, 2017) tells us
that for any |Dooq| = ¢™ where m € N, we can find a code similar to Hadamard’s with minimum
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Figure 11: Examples of high-AS hypotheses discovered in Atanov et al.[(2022). Each hypothesis is
illustrated by exemplar images from each class as labeled be the corresponding discovered hypothesis
hp. Neural networks can generalize by training on the hp’s labeling.

distance equal to NG=Y and cardinality equal to ¢™*! = ¢ - | Dooq|. By removing the semantic

hypothesis from the count, we obtain that Proposition 3 holds for K = (q - |Dooa| — 1). O

F Agreement score and Implicit Bias of Diverse Hypotheses

F.1 Agreement Score and Task Discovery (Atanov et al.,[2022)

In this section, we introduce more details on the background of |/Atanov et al.|(2022), as well as how
we leverage the findings from it.

Agreement score as a measure of inductive bias alignment. We use the agreement score
(AS) (Atanov et al.| 2022} [Hacohen et all 2020} [Jiang et all, [2022) to measure the alignment
between the found hypotheses and the inductive biases of a learning algorithm. It is measured in the
following way: given a training dataset D, labeled with a true hypothesis h*, unseen unlabeled data
D04, and a neural network learning algorithm .4, train two networks from different initializations on
the same training data, resulting in two hypotheses h1, ho ~ A(Dy, h*), and measure the agreement
between these two hypotheses on Doq:

AS4(h*; D¢, Dood) = By hyma(Ds,h) EonDooa [P1(2) = ha(w)] (6)
Recent works (Atanov et al}, 2022} Baek et al 2022)) show that the AS correlates well with how well

a learning algorithm A generalizes on a given training task represented by a hypothesis h. Indeed,
high AS is a necessary condition for generalization (Atanov et al.} [2022) (different outcomes of A
have to at least converge to a similar solution). Finally, a learning algorithm will generalize on a
labeling if the labeling is aligned with the learning algorithm’s inductive biases, thus, we use AS as a
measure of how well a given hypothesis A is aligned with the inductive biases of \A.

Task Discovery. |Atanov et al.| (2022)) use bi-level optimization (also called meta-optimization) to
optimize the agreement score (i.e., Eq.[6) and discover, on any dataset, high-AS hypotheses (tasks
in the terminology of Task Discovery) that a given learning algorithm can generalize well on. They
show that there are many diverse high-AS hypotheses different from semantic human annotations. In
Fig.[IT] we show examples of the high-AS hypotheses discovered for the ResNet18 architecture on
CIFAR-10 (Krizhevsky & Hintonl [2009).

Adversarial dataset splits (Fig.[12). [Atanov et al (2022) also introduce the concept of adversarial
dataset splits, which is a train-test dataset partitioning such that neural networks trained on the
training set fail to generalize on the test set. To do that, they induce a spurious correlation between a
high-AS discovered hypothesis i p and the (target) semantic hypothesis h* on the training data, and
the opposite correlation on the test set. Specifically, they select data points as training set Dy, such
that a discovered high-AS hypothesis hp (specifically, AS(hp) > AS(h*)) completely spurious
correlates with h*, i.e. { € D; : hp(x) = h*(x)}. The test set Dyt is constructed such that the
two hypotheses are inversely correlated, i.e., {x € Dicst : hp(z) # h*(x)}. Theoretically, a NN
trained on such a training set D, should learn the hypotheses with a higher AS, i.e., i p, which would
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Figure 12: Illustration of an adversarial split introduced in (Atanov et al.,2022). A high-AS
discovered hypothesis i p ’spuriously correlated” with semantic hypothesis ~* on the training set, but
inversely correlated with h* on test set. Training ERM on the training set and evaluating on test set
give < 20% test accuracy (according to (Atanov et al.} 2022)’s Fig. 7). In the context of this work,
the test set in a given adversarial split is inversely correlated (r = 0).

lead to a low accuracy when tested on Dy.s. This was indeed shown to hold in practice, where the
test accuracy drops from 0.8 for a random split to 0.2 for an adversarial split.

Adversarial splits, therefore, show that neural networks favor learning the task with a higher AS (the
background color in the case of Fig.[T2) when there are two hypotheses that can "explain’ the training
data equally well. In this work, we refer to this *preference’ as an alignment between the neural
network and hp. This creates a controllable testbed for studying the effect of spurious correlations
on NNs training, which we also adopt in our study.

F.2 Diversification Finds Hypotheses Aligned with Inductive Biases

Disclaimer: For an introduction on agreement score, we refer to Appendix|[F1|

In this section, we study how the diversification process is biased in practice by the inductive biases of
the chosen learning algorithm. Specifically, using agreement score, we demonstrate that D-BAT and
DivDis find hypotheses that are not only diverse but aligned with the inductive bias of the learning
algorithm.

Experimental setup

CIFAR-10. we build on top of the adversarial splits and construct a CIFAR-10 data split with
complete spurious correlation on the training data and a balanced (no spurious correlation) unlabeled
OOD data, as shown in Fig[T3] This is a typical setting on which D-BAT (Pagliardini et al| 2023) and
DivDis apply. More precisely, h* is a semantic binary classification on CIFAR-10,
defined by choosing a 5 vs 5 split of the original 10 classes. We define the spuriously correlated
CIFAR-10 data by using an arbitrary high AS binary labeling hp as the spurious hypothesis, similarly
to "adversarial splits" introduced by (Atanov et al.}[2022). There are two reasons for using this setting:
one to easily control the data setup, and one for using (Atanov et al}[2022) as a reference of the AS
for different hypotheses on CIFAR-10.

Measurlng the AS of found hypotheses. For a given dataset with training data D;, unlabeled OOD
data DY, and test OOD data D4, We train a diversification method (without pretraining) to find
multiple diverse hypotheses h1, . . ., hx and measure their agreement scores. More precisely, for each
hypothesis h;, we measure AS A(h“ D; U Dood, Dyoq) where A is the same learning algorithm (e.g.
ResNet18) used to find the diverse hypotheses. This AS allows us to assess whether A; is labeling
D,,q randomly or in a way that aligns well with the inductive biases of the learning algorithms. We
provide more details on the setting in Appendix [F2]and illustrate the dataset creation in Fig.[T3]

Implicit bias of diverse hypotheses. Tab. [5|shows the agreement score of random hypotheses hr
(true labels on D; but random labels on D,.q) and the diverse hypotheses found by both diversification
methods. We observe a clear gap between the two, indicating that all diverse hypotheses label D4
in a structured non-random manner.

Measuring the agreement score of the true or semantic hypothesis 2* gives us an estimate of the
expected AS value of an hypothesis aligned with the inductive bias of A (otherwise, we wouldn’t
expect A to be able to learn h*). We observe that the hypotheses found by DivDis and D-BAT have
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Figure 13: Illustration of the constructed CIFAR-10 data with spurious correlation. The
semantic binary labelling ~* is defined by a 5 vs. 5 split of the original CIFAR-10 classes. Spurious
hypothesis/feature hp (color) is predictive in the training set D,, and non-predictive on unlabeled
OOD data D,,.

CIFAR-10 Waterbirds
Hypothesis AS Test Acc.(%) AS WG Acc.(%)
Semantic (h*) 0.83 100.0 0.84 100.0
Random (hg) 0.6310.01 50.0 0.5540.02 50.0
D-BAT 0.82i0'01 60.1;&042 0.89:&0‘01 25.3:‘:3‘0
DivDis 0.81i0'02 57.3:!:045 0.91i0_04 28~9j:4.8

Table 5: The diverse hypotheses found by diversification methods have high AS (i.e., aligned
with the biases of the learning algorithm). Nonetheless, without additional inductive biases (e.g., the
correct pretraining strategy, which is examined in Sec[5.2]and Tab.[7), they do not generalize. The
test accuracy of CIFAR-10 is measured on hold-out balanced data (Dy0q), and WG Acc. stands for
Waterbirds worst-group test accuracy. Results are averaged over 3 seeds.

MLP ViT
Hypothesis AS Test Acc.(%) AS Test Acc.(%)
Semantic (h*) 0.80 100.0 0.76 100.0
D-BAT 0.8940.02 56.140.4 0.90+0.01 59.240.3
DivDis 0.8510.02 5834101 0.8710.02 577101

Table 6: On CIFAR-10, D-BAT and DivDis also find high-AS hypotheses with MLP and ViT
(Dosovitskiy et al.,[2021). Results are averaged over 3 seeds.

agreement scores similar to that of ~*, indicating good alignment with the inductive biases of A.
Thus, optimizing Eq. [2] using neural networks as the learning algorithm, leads to diverse hypotheses
implicitly biased towards those favored by its inductive biases. According to the definition of AS,
such alignment is expected from an hypothesis found through empirical risk minimization (ERM),
however it is not expected from diverse hypotheses (as defined in Eq.[Z), given that the additional
diversification loss could destroy this alignment. This analysis sheds light on the process by which
diverse hypotheses are found, and puts an emphasis on the choice of a good learning algorithm, which
is crucial, as we show in the subsequent Sec.@

Similar to what is shown with ResNet in Tab.[5] in Tab. [6] we repeat the experiment with two different
architectures, MLP and ViT (Dosovitskiy et al.,2021), on CIFAR-10. The diverse hypotheses found
by D-BAT and DivDis have high AS. This demonstrates that our above conclusions also hold with
different architectures.

Diverse hypotheses cannot generalize without the correct pretraining
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Hypothesis AS WG Acc.(%)

Semantic (h*) 0.84 100.0
Random (hr) 0.554¢.02 50.0

D-BAT (NP) 0.89+0.01 253430
D-BAT (P) 0.86.10.02 59.111.6
DivDis (NP) 0.9140.04 289448
DivDis (P) 0.86i0‘02 81.3i2,2

Table 7: D-BAT and DivDis find high-AS hypotheses on Waterbirds (Sagawa et al., 2020). The
Agreement Score (AS) is measured on different hypotheses on Waterbirds. For D-BAT and DivDis,
K = 2 hypotheses are considered. "WG Acc.’ stands for worst-group accuracy. "NP" signifies
non-pretrained, "P" signifies ImageNet pretrained. Two ResNet-50 models are trained from scratch
when measuring the AS. The best model performance is shown for DivDis. For D-BAT, we always
show the performance of the second model. Results are averaged over 3 seeds.

As seen above, D-BAT and DivDis produce diverse hypotheses implicitly biased towards those favored
by the inductive biases of its learning algorithm. Nonetheless, this implicit bias may not lead to OOD
generalization, i.e., h* ¢ H7J,, as the test accuracies in Tab. [5|are found to be near the chance level.

In Tab.[7] on Waterbirds, we repeat the same experiment as in Tab.[5] with an additional variable. The
ResNet50 model is either trained from scratch or starting from ImageNet-1k supervised pretraining
weights. We can see that pretraining does not affect whether DivDis and D-BAT find high AS
hypotheses, however it greatly influences the generalization capability of the found hypotheses. These
results corroborate with Sec.[5.2] that the correct choice of inductive bias is crucial to unlock OOD
generalization.

G Results and Implementation Details of Sec.

G.1 Experimental details

Remarks on D-BAT and DivDis.

* All experiments were run using DivDis and D-BAT respective codebases to ensure closest
reproducibility to their presented methods and results.

* DivDis’ default setting is to augment the data while training. This option was disabled to ensure
fair comparison to D-BAT.

* For their results, DivDis rebuilt the Waterbirds(Sagawa et al.,|2020) dataset from scratch. On the
contrary, D-BAT used the one provided by the WILDS(Koh et al.| 2021) library. To ensure fair
comparison, both methods were run using the latter version of the dataset.

* If not precised, all train, validation and test splits are taken as provided from [Pagliardini et al.
(2023)); ILee et al.| (2023)) or WILDS.

* The best models are selected according to validation accuracy.

Computational resources. Each experiment can be run on a single A100 40GB GPU.

Models. If not precised, the model used in most experiments is ResNet50 (He et al.,2015)). Otherwise,
when using a Vision Transformer (ViT), we use a ViT-B/ lqﬂ (Dosovitskiy et al., 2021). The last
exception is for DivDis Camelyon17 (DenseNet121 (Huang et al., 2017)).

DivDis parameters. For Waterbirds variants, the optimizer is SGD, the number of epochs is 100, the
learning rate is 0.001, the weight decay is 0.0001. The « parameter (referred as A in DivDis) was
tuned over {0.1, 1,10}. For Office-Home, the optimizer is SGD, the number of epochs is 50, the
learning rate is 0.001, the weight decay is 0.0001, and the « parameter was tuned over {0.1, 1, 10}.
For Camelyon17, the original best performing setting from DivDis was used.

D-BAT parameters. For Waterbirds variants and Office-Home, the optimizer is SGD, the learning
rate is 0.001, the weight decay is 0.0001. Given that D-BAT optimizes sequentially, the number of

*https://pytorch.org/vision/main/models/generated/torchvision.models.vit_b_16.html
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From scratch Self-supervised Supervised
Resnet50 ViT»B/lfy‘ SwAV SIMCLRv2 MoCo-v2 ViT-MAE  ViT-Dino ‘ Adv. robustness  Resnet50 IN  ViT-B/16 IN

ERM (D-BAT hy) | 104409 51454 20.641.4 439406 252415 61.2409 5554009 53.640.7 583403 75906

OfficeHome D-BAT hy 9.5:0.5 8.145.9 213400 46.140.5 271412 619407 616416 55.540.7 58.240.9 79.2.0.4
DivDis (best) 7.0+0.1 94105 | 23.1412 39.6+1.2 283108 479407 103419 514405 55.9+0.6 707116

ERM (D-BAT 1) | 86121 13.5:67 | 70403 92155 356135 11900  92+0s 209251 301404 3B.1ins

Waterbirds-CC D-BAT hy 150251 86168 | 226166 154166  36.1ise  555.0s  47.6150 497105 677152 572457
DivDis (best) 250427 78439 | 2041169 225140 4944103 389473 112447 471408 705147 227423

Table 8: The performance of diversification methods is highly sensitive to the choice of architec-
ture and pretraining method.. Average accuracy on Office-Home and worst-group accuracy on
Waterbirds-CC for different pretraining methods. All methods are pretrained on ImageNet-1k. If not
specified, the used model is ResNet50. Results are averaged over 3 seeds. Bold and underline stand
for the best and second best, respectively.

Dataset Method | K=2 K=3 K=4 K=5

Waterbirds-CC D-BAT (ViT—B/16 IN) 57‘1i3.7 45.0i1.4 45~5i147 44~5i1.8

DivDis (MOCO—VZ) 49.4;{; 10.3 51 ‘7:l:640 49.6:‘:8‘3 48.4:‘:0‘9

Office-Home D-BAT (ViT—MAE) 61.9i()_7 62.6:&0.1 60.8:‘:()‘4 61,7:‘:()‘7

DivDis (Resnet50 IN) | 559406 54.6401 53.6404 531402
Table 9: Increasing the number of hypotheses, while using the second-best inductive bias, does
not bridge the performance gap with the best inductive bias. Best hypothesis performance for
DivDis and corresponding hypothesis performance for D-BAT are reported. Second-best inductive

bias chosen according to Fig.[3] Results are averaged over 3 seeds.

epochs is an important parameter to tune. We tuned over epochs € {30, 100} and « € {0.0001,0.1}.
For Camelyon17, the original D-BAT best performing setting was used.

G.2 Complete results of Sec.

We provide the full results for Fig. [3](ERM baseline included) in Tab.[§] We also provide the accuracy
of each new head of D-BAT for Tab.[T]in Tab.[9] Finally, in Fig.[T4] we further show that DivDis does
not scale well to larger K (e.g. K = 64) “out-of-the-box”, and the performance drops as the number
of hypotheses increases. Note that testing D-BAT in this regime would be prohibitively expensive.

G.3 Pretraining strategy and architecture details.

In Fig. 3] we vary the pretraining method and architecture, and measure the effects on performance.
We provide additional details here. If not precised, the methods use a ResNet-50(He et al., [2015)
model. All 8 variations are pretrained on the ImageNet- 1k(Russakovsky et al.,|2015) dataset:

* Self-supervised
— SwAV (Caron et al., [2020)
— SimCLRv2 (Chen et al., [2020al)
— MoCo-v2 (Chen et al.,[2020b])
— ViT-B/16 MAE (He et al., [2021)
— ViT-B/16 Dino (Caron et al., [2021)
* Supervised
— Adversarially robust classifiers (Salman et al.| 2020).
— Resnet50 IN (He et al.| [2015)), supervised pretraining on ImageNet-1k. This is the pretraining
method used by (Lee et al., 2023} [Pagliardini et al.|[2023) in their papers.
— ViT-B/16 IN (Dosovitskiy et al., | 2021)), supervised pretraining on ImageNet-1k.

Experimental details For the adversarially robust classifier, the L2-Robust ImageNet ResNet-50
(e = 0.05) model was chosen, following the advice of (Salman et al.,|2020), as it is hypothesized
that smaller values of e tend work better on datasets where leveraging finer-grained features are
necessary (i.e., where there is less norm-separation between classes in the input space), such as
Waterbirds-CC or Office-Home. Each variation hyperparameters were tuned following the same
procedure as described in
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Figure 14: Naively increasing the number of hypotheses in DivDis is detrimental to performance.
y-axis shows the worst-group accuracy of the best hypothesis on Waterbirds-CC. We use Resnet50 as
a backbone. Pretraining is supervised pretraining on ImageNet-1k. “ERM pretrained” baseline stands
for standard empirical risk minimization (ERM) without the usage of diversification. Results are
averaged over 3 seeds. Preliminary investigation of this behaviour suggests that the diversification
loss is not optimized well when K grows large (e.g. K > 8) due to the averaging over all pairs of
hypotheses, and that another aggregation function, e.g., maximum, could work better.

H Detailed Experimental Setup and Additional Results for Sec.

In Sec[5.3] we demonstrate that using different inductive biases can drastically and predictably
influence a diversification method. Here we provide more details on how we construct such examples.
Additionally, in Tab. [TT| we also provide results where the examples are constructed using a ViT-
ResNet pair (instead of MLP-ResNet pair). Finally, we provide an extension Tab. [2|by showing how
an inductive bias gradually gets favorable and vice versa through the transition of spurious ratios, in

Fig.[T5]
Construction

* Prerequisite: We consider a semantic (5-vs-5) binary classification task A* on CIFAR-10
(Krizhevsky & Hinton, [2009) (i.e., airplane, automobile, bird, cat, deer original classes as class 1
and dog, frog, horse, ship, truck original classes as class 0).

¢ Step 1 (Selecting hypotheses aligned with learning algorithms from (Atanov et al.,2022)):
We take two high-AS hypotheses (see Fig. [IT]for examples of such hypotheses) discovered in
(Atanov et al., 2022)) for MLP and ResNet18 (He et al., 2015), where the hypotheses (hyip and

hry) satisfy Eq.
ASnirp (hmip) > ASwmrp(hry),  ASrn(hrN) > ASrn(AMmLp),

For example, this means the MLP hypothesis hyr,p has a high AS when training MLPs but lower
AS when training ResNet18s. Also, we ensure these two hypotheses have higher AS than the true
hypothesis A* to make sure that they are able to act as a spurious hypothesis.

¢ Step 2 (Constructing training data where h*, hyp and hgn completely correlates): As
presented in Tab. in D; row, we select the data points as training set D; such that h*, hy,p
and hrn agree. As shown in (Atanov et al., 2022) by adversarial splits, when two hypotheses
correlate with each other (i.e., their labels are the same on training data), a neural network tends
to converge to the hypothesis with higher AS. Thus, combining with the conditions in step 1 (i.e.,
Eq.[3), training MLP on D; with ERM shoudl converge to hyrp and training ResNet on D, with
ERM to hgn, which is illustrated in Tab. 2}Right.

¢ Step 3 (Further improving the alignment between the two hypotheses and their correspond-
ing architectural inductive biases): This step is not necessary in general, but it allows us to
find hypotheses that are better aligned with the inductive biases of the network. This is because
the Task Discovery framework from (Atanov et al., [2022) might not provide globally optimal
hypotheses. The improvement goes as follows: we update hyp and hgn to further increase
their AS for a better alignment with the corresponding learning algorithm (i.e., MLP and hyp,
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h* hymrp  hrn R hymip  hrn
0 0 0 0 0 0
De 1 De 1
0 1 0 0 0 1
0 1 1 0 1 1
Dy 1 0 0 Dy 1 0 0
1 0 1 1 1 0

Table 10: The rules for constructing the data in Sec.[5.3] covering the two cases in Tab. 2] Left:
h* L hypp on D,,. Right: h* | hgy on D,,. ‘L’ means inversely correlated on the unlabeled OOD
data D,,.

ResNetl8 and hgry). Specifically, we train with ERM an MLP and ResNet18 on D, and make
predictions on all CIFAR-10 data except for the training data i.e. D\ D;. We replace the old
labels of hyp and hgy on D\ D; by the new labels predicted by MLP and ResNet18. This step
gives us higher AS hypotheses (thus more preferred by the given architecture) that satisfy Eq.[3]
(equation also shown in Step 1).

¢ Step 4 (Constructing unlabeled OOD data such that ResNet18 or MLP fails): As shown in
Tab. in D,, row, we select data points with specific hypothesis labels as the unlabeled OOD
data. By design, in Tab. Left, h* is inversely correlated to hypp and is not correlated (i.e.
balanced) to hgn. We know training an MLP with ERM on D; will choose hyipp. Therefore,
D-BAT will perform well (i.e., find 2*) by minimizing its diversification loss. On the contrary,
training a ResNet with ERM on D; will choose hry. Therefore, as shown in Sec. E], D-BAT
cannot perform well by minimizing its diversification loss. The opposite conclusion holds for

Tab. [[0}Right.

» Step 5: we take D; and D,, (which are around 12k and 24k images, respectively) and run D-BAT
(Pagliardini et al.| 2023)) (the labels on D,, are inaccessible), and measure the test accuracy on
hold-out Dyoq ~ D,,, which is shown in Tab. 2}Left.

The construction process is thus a white-box process (or attack), similar to adversarial attacks, but on
the architectural inductive bias aspect. We reiterate that the purpose of this example is to illustrate
that the choice of architectural inductive bias can have a very drastic influence on the behavior of
diversification methods and this choice is co-dependent on the properties of the unlabeled OOD data.

Additionally, we can demonstrate this co-dependence in a “fine-grained” manner, as shown in Fig.
Here we still keep the training data the same (according to D; in Tab.[I0), and construct the unlabeled
0OOD data D,, such that the spurious ratios of hyp and hryn gradually switch from low to high or
high to low. Hence, the Tab. [I0} Left and the Tab. [[0}Right correspond to the left and right extremities
of the x-axis of Fig. and in between are interpolations between the two distributions (spurious
ratios). This gives a better view of how one inductive bias gets favorable through the transitions of
spurious ratios, and vice versa.

D, A Test Acc.(%)
e ViT 764106
WPLIVT RecNetl8  58.100.4
b L hRN ViT 68.1i0>3

ResNetl8 79.040.5

Table 11: Tab. 2| with another architecture pair. ViT far exceeds ResNet18 when h* L hv;r and
vice versa. Results are averaged over 3 seeds.
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Figure 15: The favorable inductive bias changes over transitions of spurious ratios. As the

unlabeled OOD data Dgod changes, the optimal inductive bias switches from MLP to Resnetl8,
indicating their co-dependence. Results are averaged over 3 seeds.
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